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Abstract 

We study lens space surgeries along two different families of 2-component links, denoted 
by Am,n and Bp q, related with the rational homology 4-ball used in J. Park's (generalized) 
rational blow down. We determine which coefhcient r of the knotted component of the 
link yields a lens space by Dehn surgery. The link ^m,n yields a lens space only by the 
known surgery with r = mn and unexpectedly with r = 7 for (m, n) = (2,3). On the 
other hand, Bp q yields a lens space by infinitely many r. Our main tool for the proof 
is the Reidemeister-Turaev torsions, i.e. Reidemeister torsions with combinatorial Euler 
structures. Our results can be extended to the links whose Alexander polynomials are 
same with those of Am.n and Bp^q. 
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1 Introduction 

For a coprime pair of non-zero positive integers (m, n), let Am,n be a 2-component link in 
in Figure [H where Ki is the (m, n)-torus knot Tra,n and K2 is an unknot. The linking 
number of Ki and K2 is m + n. Next, for a coprime pair of non-zero integers (p, q), let Bp^q 
be a 2-component link in in Figure [21 where Ki is the closure of the {p, q)-toT\xs braid (the 
standard p-braid of the (p, g)-torus knot Tp^q) and K2 is the braid axis. The linking number 
of Ki and K2 is p. For a ^-component link L = KiU K2 U • • • U i^^, by (L; ri, r2, . . . , r^), we 




Figure 1: ^m,n (ex. (m,n) = (3,5)) 



denote the result of (ri, r2, . . . , r^)-surgery along L, where G QU {00, 0} (z = 1, 2, . . . , /i). A 
Dehn surgery along a link is called a lens space surgery if the result is a lens space. We study 
lens space surgeries along the links Am,n and Bp^q, fixing the surgery coefficient of K2 as 0, 
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Figure 2: Bp^g (ex. {p,q) = {8,3)) 



except in Section [7l Our convention on lens spaces is ^^L{a,b) is the result of — a/6-surgery 
along the trivial knot". 

The result of (r, 0)-surgery along a 2-component link L = Ki U K2 in (as dB^) such 
that K2 is an unknot and r ^"L bounds a 4-manifold by attaching a 1-handle along K2, and a 
2-handle along Ki with a framing r, to a 0-handle B"^ along . We denote the 4-manifold by 
VF^(L;r,6) following S. Akbulut [Ak| (see also [GS], [Kii]). Then 7ri(Ty^(L; r, 6)) ^ Z/|/|Z and 
i7i(ai^''(L;r,d);Z) ^ Z/j/pZ, where / is the linking number of Ki and K2, and Ty'^(L;r,C)) 
is a rational homology 4-ball if and only if / 7^ 0. We also note that Ki can be regarded as a 
knot in x S"^ . 

We explain a background of our targets Am,n and Bp^q. J. Park |Pa] discussed generalized 
rational blow down, which is an operation on a 4-manifold cutting a certain submanifold 
Cp^q and pasting a 4-manifold Wp^q along i9Cp^g = dWp^q. The 4-manifold Wp^g is a rational 
homology 4-ball that is characterized by i^iiVVp^q) = TLj-pL and dWp^q = L{p'^,pq — 1) (cf. 
\FS\ ICH] ). As far as the authors' knowledge, uniqueness of Wp^q is not known well. A lens 
space surgery along Bp^q whose result is L{p'^,pq — 1) is often used to describe Wp^q (cf. [Li]). 
On the other hand, the second author |Yam3] found a lens space surgery along Am,n whose 
result is L{p'^,pq — 1) and defined an algorithm to determine {m,n) from {p,q) using the 
Euclidean algorithm. We also remark that the link Am,n appears as a bi-product of Stipsicz- 
Szabo-Wahl's construction [SSWj Remark 7.1], see also Endo-Mark-Horn- Morris [EMM| . We 
compare the links Am,n and Bp^q by studying lens space surgeries along them. Our problem 
is: 

Problem 1.1 When is {Am,n',''',0) ({Bp^q;r,0), respectively) a lens space ? 

There are some trivial and overlapping cases: Bi^q is the Hopf link and Ai^n = 1. The 
links have some symmetries: ^m,n = ^n,m and Bp -q is the mirror image of -Bp,g. Throughout 
the paper, we assume the following: 

Assumption For Am,m gcd(m,n) = 1 and 2 < m < n. For Bp^q, gcd(p, g) = 1, p > 2 and 
q>l. 

The following theorem asserts that the link Am,n has at least one lens space surgery. 
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Theorem 1.2 ( |Yam31 Theorem 1.1]) For a pair {m,n) satisfying the assumption, there 
exists Q, pair (p, sQitisfyifig the. dssuTJiption such that (-A|72,n 

; mn, 0) = L(j?,pq — 1). 

Notation 1.3 For integers x and N , we denote the multiple inverse of x modulo N by 
X (mod A^), i.e. xx = 1 (mod A^). Note that, for a divisor d(> 2) of N, both x (mode?) and 
X (modd) are uniquely determined by x (mod A^). We also use x as a representing integer of 
X (mod N). 

Our first main theorem is the answer to Problem 1 1 . 11 for the link A^^. 
Theorem 1.4 We assume r G Q. 

(1) The result of {r,0) -surgery along Am,n is a lens space if and only if 

(i) r = mn, or 
(a) r = 7 for (m, n) = (2, 3). 

(2) The resulting lens spaces are as follows: 

(i) (ylm,™; "i"-; 0) = L((m + n)^, mn), where nn = I (mod(m + n)^), and 
(ii) (A2,3;7,0) ^L(25,7). 

The "if part" of Theorem 11.41 (1) (i) follows from Theorem 11.21 Thus our purpose is to show 
the "only if part" of (1), and (2). 

Our second main theorem is the answer to Problem 1 1.1 1 for the link -Bp.g, which is contrast 

to AjYi n- 

Theorem 1.5 We set a//3 E Q, where a and (3 are coprime integers. 

(1) The result of {a/ 13,0) -surgery along Bp^q is a lens space if and only if \a — pql3\ = 1. 

(2) For a/P with \a — pql3\ = 1, the resulting lens space is {Bp^q^a/ I3,Q) = L{p'^l3,a). 

Remark 1.6 We remark on surgeries along the mirror images of the links. Naturally, we 
have B^p^^q = Bp^q, B-p^q = Bp-q as unoriented links, and Bp-q is the mirror image of -Bp,g. 
Theorem 11.51 can be extended to the cases p < or/and q < 0. Similarly, Theorem 11.21 can 
be extended to the mirror image Ajyi.n. of A^nn' ^Ve note that Af^^l is not included in the 
family {Am,n]- 

We list some corollaries without the proofs. 

Corollary 1.7 The lens space (^2,3; 7, 0) = L{25, 7) cannot be obtained by any (r, 0)-surgery 
along Bp^q. 

Corollary 1.8 (Integral lens space surgery along Bp^q) Suppose (3 = 1 in Theorem \1.5[ 

Then [Bp^q] a, 0) is a lens space if and only if a = pq — 1 or pq + 1. The resulting lens space 
is L{p'^ ,pq — 1) or L{p^,pq + 1), respectively. 

By TheoremOand CorollarylLHl both W^{A m,n'^fnn,{)) and W^{^Bpq',pq—\,{)) represent 
Wp^q, under the correspondence between (m, n) and {p, q) in Theorem ll.2i Our second problem 
is: 
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Problem 1.9 Are W^{A 

m,n)'^'^)0) o,nd W^{Bpq]pq — 1,0) diffeomorphic, homeomorphic 
or homotopic relative to the boundaries? 

The lens space (^2,3; 7,0) in Corollary O satisfies L(25,7) = -L(25,7). On the other 
hand, on the integral lens spaces surgeries along Bp^g in Corollary II. 8( it is easy to see that 
L{p^,pq - 1) ^ -L{p^,pq + 1) and that L{p^,pq - 1) ^ L{p'^,pq + !)• Thus we have 

Corollary 1.10 Only in this corollary, we regard the link Am,n or Bp^q as a knot Ki in 
X S"^ , the result of 0-surgery along K2- We assume that 2 < m < n,2 < p and 1 < q. 
Then, any knot Am,n is not isotopic to any knot Bp^g. 

Corollary 11.101 asserts that the attaching parts Ki of the 2-handles of W'^{Afn.n]iT^n',0) and 
{Bp^q;pq — 1,0) are not isotopic in 5^ x 5^ . Thus , the handle decompositions of the rational 
homology 4-balls do not move to each other by only handle slides of the 2-handles over the 
1-handles. Problem 11.91 may be still open. 

Our results can be regarded as lens space surgeries along 2-component links. For usual 
lens space surgery along knots, see [Ba], [Ber] , f CGLS] . |Go| and so on. We point out that 
Theorem 11.41 ( on A^^yl) can also be obtained by the results ^^{^AYa^n', 0? 0) is a hyperbolic mani- 
fold" in [DMMl] . and the Cyclic Surgery Theorem [CGLSj . If we use them, then the proof of 
the theorem can be shortened (see Subsection 18. ip . The reason why we do not use them is to 
clarify effectivity of Alexander polynomials and Reidemeister-Turaev torsions from technical 
point of view. As consequences, they preserved information of lens space surgeries completely 
in the present case, and our results are generalized to wider situations, see Theorem 18.11 and 
Theorem 18.21 The links Am,n are related to subfamilies of knots, called TypeVII and Type 
VIII in Berge's list |Ber| . see |Kad4| . |Yaml ] and [ Yam2] . On the other hand, the results 
[Bp^g] r, 0) with any r is a Seifert manifold (or a graph manifold), thus Theorem 11.51 looks like 
L. Moser's result |Mos| on lens space surgeries along torus knots. 

We also study a generalization of Theorem 11.41 To determine all Dehn surgeries along 
Am,n is a hard problem. As far as the authors' knowledge, the complete answer is not given. 
From our present results and some known results, we feel like to raise the following conjecture: 

Conjecture 1.11 Let M = {Am,n'-,oii/ f3i,a2/ ^2) be the result of {ai/ Pi, 02/ (32) -surgery along 
Am,n, where Oj and j3i {i = 1,2) are coprime integers with f3i > 1. Then M is a lens space if 
and only if (1) a\l fi\ = mn and 132 = 1, or (2) ai//3i = 7 for {m,n) = (2,3). 

K. Ichihara (^ISj) informed to the authors that, if we fix ai//3i = mn, then M is a lens 
space for any integer (/32 = 1). He says that it can be shown by a method in |Yam3j (i.e. a 
geometric method). In Section [Tj we compute the Reidemeister torsions of M under the case 
(1) ai//3i = mn and (2) ai//3i = 7 for {m,n) = (2,3), respectively. A partial afhrmative 
answer for "only if part" of the case (1) is given. 

In Section [2l we explain about the Reidemeister torsion and its basic properties such as 
surgery formulae, d-norm and combinatorial Euler structure (i.e. Reidemeister-Turaev tor- 
sion). In Section [3l we compute the Alexander polynomial of Am,n- In Section |H we compute 
the Reidemeister torsions of (^^.n;?", 0) by using the results in Section [2] and Section [3l In 
Section [5l we prove the "only if part" of Theorem 11.41 (1) by using the Reidemeister-Turaev 
torsions, and Theorem 11.41 (2) by using the values of the Reidemeister torsions. Theorem II. 2^ 
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and Kirby moves. In Section El we prove Theorem 11.51 by using Seifert structures of the hnk 
complement and the Reidemeister torsions. In Section [71 we study some lens space surgeries 
along Am,n other than (r, 0)-surgery, related to Conjecture 11.111 In Section EJ we give an 
alternative proof of Theorem 11.41 (1) under some assumption, and we generalize Theorem 11.41 
and Theorem 11.51 

2 Reidemeister torsion 

Our method to prove the main theorems is to deduce necessary conditions from the Rei- 
demeister torsions of both the surgered manifolds and lens spaces. In this section, we state 
surgery formulae of the Reidemeister torsions (Subsection l2.ip . and define derived invariants: 
one is the d-norm (Subsection 12. 2p . and the other is the Reidemeister- Turaev torsion which is 
a lift of the Reidemeister torsions by fixing a combinatorial Euler structure (Subsection 12. 3p . 

2.1 Surgery formulae 

For a precise definition of the Reidemeister torsion, the reader refer to V. Turaev [Turlt[Tur2] . 
Throughout this paper, we use the following notations. 



Notation 2.1 (for manifolds and homologies) 

Let L = Ki U • • • U he an oriented ^-component link in a homology 3-sphere. 
El the complement of L. 

mi,li a meridian and a longitude of the i-th component Ki. 

[mi], [li] their homology classes. 

A^^ti, . . . ,t^) the Alexander polynomial of L, where ti is represented by rrii. 
{L; ri, . . . , r^) the result of (ri, . . . , r^)-surgery along L, 

where r j E Q U {oo, 0} is the surgery coefficient of Ki. 
Vi the solid torus attached along Ki in the Dehn surgery, 

m'^, [m-] a meridian ofVi, and its homology class. 

l[, [l'j\ an oriented core curve ofVi, and its homology class. 



Let X be a finite CW complex and tt : X ^ X \ts maximal abelian covering. Then X 
has a CW structure induced by that of X and vr, and the cell chain complex C* of X has 
a Z[iif]-module structure, where H = Hi{X;'L) is the first homology of X. For an integral 
domain R and a ring homomorphism ip : — > R, "the chain complex of X related with ■0" , 
denoted by C* , is C* ®i[h\ Q{R), where Q{R) is the quotient field of R. The Reidemeister 
torsion of X related with ip, denoted by t'^{X), is calculated from Cf , and is an element of 
Q{R) determined up to multiplication of ^ip{h) {h G H). li R = Z[i/] and ij) is the identity 
map, then we denote t'^[X) by t{X). We note that t'^[X) is not zero if and only if C* is 
acyclic. 

Notation 2.2 (for algebra) 

For a pair of elements A, B in Q{R), if there exists an element h ^ H such that A = ^ip{h)B, 
then we denote the equality by A = B. We will often take a field F and a ring homomorphism 
ip : 'L[Hi{M)] — >• F. We mainly use the d-th cyclotomic fields Q(Cd) F, where Cd is a 
primitive d-th root of unity. 
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For the first lemma, we need a little general setting: Let ii^ be a compact 3-manifold whose 
boundary dE consists of tori. We study the 3-manifold M = E L) Vi U ■ ■ ■ L) Vn obtained by 
attaching solid tori Vi to E by attaching maps fi : dVi — )■ dE (Im(/j) nlm(/j) = for i 7^ j). 
We let L : E ^ M denote the natural inclusion. 

Lemma 2.3 (Surgery formula I) If ^ 1 for every i = 1, . . . ,n, then we have 

n 

T^{M)=r^''{E)\{mi[])-l)-\ 
1=1 

where ip' = ip o t^, (l^, is a ring homomorphism induced by l). 

For the case of the link complement of a homology 3-sphere, the Reidemeister torsion is closely 
related with the Alexander polynomial. 

Lemma 2.4 (Milnor [Mil| ) For a ^-component link L = Ki U • • • U in a homology 
3-sphere, we have 

(AL{ti){h-l)-^ (/i=l), 
[AL{tu...,t^) (//>2). 



riEL) 



By Lemma 2.1 and Lemma 2.2, we have the following: 

Lemma 2.5 (Surgery formula II) (T. Sakai [Sal, V. G. Turaev [Turl]) 

(1) Let K be a knot in a homology 3-sphere. We set M = {K;p/q) {\p\ > 2), where p and 
q are coprime integers. Let T be a generator of Hi{M) represented by a meridian of 
K, and ipd ■ 7,[Hi{M)] Q(Crf) 0, ring homomorphism defined by iJd{T) = Cd, where d 
(>2) is a divisor of p. Then we have 



T^^{M) = AK{Cd){Qd-ir\c-i)-' 



where qq = 1 (mod p) . 



(2) Let L be a fi-component link in a homology 3-sphere. We set M = {L;pi/qi, . . . ,p^/q^) (/U > 
2), where pi and qi are coprime integers for every i = Let F be a field, 

tp : 'L[Hi{M)] F a ring homomorphism with ^/^([mj]'"' [Zj]^') 7^ 1 for every i = 1, . . . , fi, 
where ri and Si are integers satisfying piSi — qiri = — 1. Then we have 



1=1 



Example 2.6 The lens space L{p,q) is obtained as —p/q-surgery along the unknot. By 
Lemma [275\ (1), for a divisor d > 2 of p, we have 

T^^{L{p,q)) = iQ-ir\c!-ir\ 

where qq=l (mod p) . 

We recall the Torres formula for the Alexander polynomials. 
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Lemma 2.7 (Torres formula) ( |Torj ) Let L = KiU- ■ -UK^UKf^^i (/x > 1) be an oriented 
{^+1)- component link, V = Ki\J - ■ - UK^ a fi-component sublink, and ii = lk{Ki, K^^i) (i = 
l,...,/u). Then we have 



AL(ti,...,t^,l) = <^ 



h - 1 

Ut^--4"-l)/^L'(ti,...,t^) (/i>2). 



^L'(tl) (/i=l), 



2.2 d-norm 

About algebraic fields, the reader refer to L. C. Washington jWasj for example. 
For an element x in the d-ih. cyclotomic field Q(Cd); the d-norm of x is defined as 

m^) = n ^(^)' 

aeGal (Q(Cd) 



where Gal(Q(Cd)/Q) is the Galois group related with a Galois extension Q(Cd) over Q. The 
following is well-known. 

Proposition 2.8 

(1) If X € Q(Cd), then Nd{x) G Q. The map : Q(Cd) \ {0} ^ Q \ {0} is a group 
homomorphism. 

(2) IfxG Z[Cd], then Ndix) G Z. 

By easy calculations, we have the following. 
Lemma 2.9 



(1) Ndi±Cd) = 

(2) Nd{l - Qd) 



±1 ((i = 2), 
1 {d > 3). 



£ [d is a power of a prime i > 2), 
1 (otherwise). 

About applications of d-norms, for example, see [Kadll lKad2l IKad3l iKMSl iKYll [KY2] . 

W. Franz (Fzj showed the following, and classified lens spaces by using it. We state a 
modified version (cf. |KYlj ). 



Lemma 2.10 (Franz [Fzj ) Let p > 2 be an integer, and (Z/pZ)^ the multiplicative group of 
a ring Z/pZ. For ai,bi £ (Z/pZ)^ (i = 1, . . . , n), suppose 

n n 

n(c - 1) = ii(^p - 

i=l 1=1 

where Cp is a primitive p-th root of unity. Then there exists a permutation a of {1, . . . ,n} 
such that Oi = ±6^(1) foi" all i = 1, . . . ,n. In other words, {±aj (modp)} = {±6j (modp)} as 
multiple sets. 

We will use this lemma in Lemma 14.91 and in Section [HI 
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2.3 Combinatorial Euler structure (Reidemeister— Turaev torsion) 

Let M be a homology lens space with H = Hi{M) = Z/pZ (p > 2). Then the Reidemeister 
torsion t'^'^{M) of M related with tpd is determined up to multiplication of ±C™ ^ ^)) 
where d > 2 is a divisor of p and ipa is the same ring homomorphism as in Lemma 12.51 

(1) . Once we fix a basis of a cell chain complex for the maximal abelian covering of M as 
a = — l)-module, the value t^'^{M) is uniquely determined as an element 
of Q(Cd) foi' every d. The choice of the basis up to "base change equivalence" is called 
a combinatorial Euler structure of M (cf. Turaev |Tur2j ). The Reidemeister torsion of a 
manifold with a fixed combinatorial Euler structure is said the Reidemeister-Turaev torsion. 

We consider the sequence of the values t'^'^ (M) in Q(Cd) of the Reidemeister-Turaev torsion 
for every divisor d > 2 oi p, and regard them as a value sequence {t'^'^(M)}^|p^^>2 defined as 
below. 

Definition 2.11 A sequence of values x = {X(i}d\p,d>2 ^ value sequence (of degree p) if 
Xd G Q(Cd) for every d. Two value sequences x = {xd}d\p,d>2 and y = {yd}d\p,d>2 are equal 
(x = y) if Xd = Vd for every d. We are mainly concerned with the value sequence of type 
X = {F{C,d)}d\p,d>2 for a rational function F{t) E Q(i). In such a case, we say that x is 
induced by F{t) and that F{t) is a lift of x. A control of x = {xd}d\p,d>2 by a trivial unit 
u = r]t"' £ Q[t, t-'^]/{tP - 1) is defined by 

ux = {vCd^d}d\p,d>2, 

where rj = 1 or —1 (constant) and m G Z. Two value sequences x = {xd}d\p4>2 and y = 
{yd}d\p,d>2 are control equivalent if there is a trivial unit u G Q[t,t^^]/{tP — 1) such that 
y = ux. A value sequence x = {xd}d\p,d>2 a real value sequence if Xd is a real number for 
every d. 

Let M be a homology lens space with Hi{M) = TLjpTL {p > 2). Then a sequence {T'^''{M)}d\p^d>2 
of the Reidemeister torsions of M with a combinatorial Euler structure is a value sequence of 
degree p. We say the value sequence a torsion sequence of M. 

Lemma 2.12 

(1) Let M and M' be homeomorphic homology lens spaces with Hi{M) = Hi{M') = 
Z/pZ {p > 2). Then torsion sequences {T'^'^{M)}d\p^d>2 and {T'^'i{M')}d\p^d>2 related 
with the corresponding representations Tpd and ip'^ (i.e., ipd = V'^ ° where h.^ is the 
induced homomorphism of the homeomorphism) are control equivalent. 

(2) Let M be a homology lens space with Hi[M) = TLjpTL {p > 2). Then we can control a 
torsion sequence of M into a real value sequence. 

Proof (1) It is easy to see. 

(2) Here we let C denote any d-th primitive root (Q) of unity. Since M is obtained by p/q- 
surgery along a knot K in a homology 3-sphere for some q (cf. |BL] ). By Lemma 2.5 (1), we 
have 

r^^{M) = AKioic - ir\c' - ir\ 
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where qq = I (mod^j). By the duahty of the Alexander polynomial (cf. [MiH ITurTj ITur2j ). we 

may assume 

AK{t) = AK{t-'). 

This is also a control of the combinatorial Euler structure of the exterior of K, which induces 
a control of a torsion sequence of M. We take an odd integer lift of q. Then 

is a real number for every d. □ 

Lemma 2.13 If two real value sequences x = {xd}d\p,d>2 y = {yd}d\p,d>2 of degree p 
are control equivalent satisfying y = ux for a trivial unit u = r]t"^ G — 1), where 

r] = ±1 and m G Z, then the possibility of u is restricted as follows: 

(i) If p is odd, then u = 1 or —1. 

(a) If p is even, then u = 1, —1, t^^^ or — t^/^. 

Proof Since the ratio = ^yp/xp is a real number, we have (i) m = (modp) if p is odd, 
and (ii) m = or p/2 (modp) Hp is even. □ 

Definition 2.14 (Symmetric Laurent polynomial) A Laurent polynomial F{t) € Qftji^"*^] 
is symmetric if it is of the form 

oo 

F{t) = ao + J^ai(t^ + r^), 

i=l 

where Oj is a rational number for all i = 1,2,... and = for every sufficiently large i. Note 
that, if F{t) is a symmetric Laurent polynomial, the induced value sequence {-F(Cd)}d|p,d>2 
a real value sequence. We are concerned with symmetric Laurent polynomials that are lifts (in 
Q[t, of a polynomial in the quotient ring Q[t,t~^]/{tP - 1). We say that F{t) (as above) 
is reduced if ai = for all i > [p/2]. We often reduce the symmetric polynomials by using 
f + t-^ = + modulo {tP - 1). We let red{F{t)) denote the reduction of F{t) (i.e., 

red{F{t)) is reduced and red{F{t)) = F{t) in <Q[t,t-^]/ {t^ - I)). 

For a Laurent polynomial F{t) G Q[t, t~^], the span of F{t) is the difference of the maximal 
degree and the minimal degree of F[t), and we denote it by span(F(t)). Note that the span 
of a symmetric Laurent polynomial is always even, and that the span of a reduced symmetric 
Laurent polynomial is less than or equal to 2 [p/2]. 

Lemma 2.15 Let N > 2 be an integer. Let F{t),G{t) be symmetric Laurent polynomials 
and X = {F{Q)}d\N,d>2^ U = {G{C,d)}d\N,d>2 the induced real value sequences, respectively. If 
X and y are control equivalent, i. e. , ux = y for a trivial unit u (here, u = 1 or —1 if N is 
odd, n = 1, or -t^/^ if N is even, by Lemma \2.13\) . then we have a congruence 

uF{t) = G{t) mod t^-^ + + ... + t + l. 

Furthermore, assuming span(G(t)) < 2([A^/2] — 1), 
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(i) In the case that u = 1 or —1 and span(F(t)) < N — 2, we have an identity uF{t) = G{t) 
in Q[t,t-^]. 

(a) Otherwise (in the case that N is even and u = rjt^^"^ with rj = 1 or —1), if span {red{t^/'^F{t))) < 
N -2, then we have red{t^/^F{t)) = r]G{t) in Q[t,t-^]. 

Proof By the Chinese Remainder Theorem, we have a ring isomorphism: 

q[t,t-']/{t''-' + t''-' + --- + t + i)^ Q(Cd), 

d\N,d>2 

where f(t) in the left-hand side maps to the value sequences {f{Cd)}d\N,d>2 the right-hand 
side. The isomorphism implies the required congruence. 

Since 2{[N/2] - 1) < N - 1 = span(t^-^ + t^'^ H h t + 1), we have the identities. □ 

Lemma 2.16 Let N > 2 be an integer. Let F{t),G{t) be symmetric Laurent polynomials 
and X = {F{C,ci)}d\N4>2-, U = {G{C,d)}d\N,d>2 the induced real value sequences, respectively. If 
X and y are control equivalent, i. e. , ux = y for a trivial unit u (here, u = 1 or —1 if N is 
odd, u = 1,-1, 0^ _^N/2 -j^jy gyg^^ Lemma\KM, and F{1) = G{1) = 0, then we 
have a congruence 

uF{t) = G{t) mod t^ -1. 
Furthermore, assuming span {G{t)) < 2[N/2], 

(i) In the case that u = 1 or —1 and span(F{t)) < N —1, we have an identity uF{t) = G{t) 
in Q[t,t"^]. 

(ii) Otherwise (in the case that N is even and u = r]t^^'^ with rj = 1 or —1), we have 
red{t^/'^F{t)) = r]G{t) in Q[t,t'^]. 

Proof We use the same argument with the proof of Lemma [2.151 but here we use the Chinese 
Remainder Theorem for the following ring isomorphism 

Q[t,t-V(t'^-i)= Q(Cd). 

d\N,d>l 

□ 

Note that F{t) and t^^'^F{t) induce the control equivalent real value sequences by u = i^/^, 
but red(t^/2^(t)) / F{t) in general. Thus we have to care the case (ii) in Lemma 12.151 and 
12.161 Here, we study relation between the coefficients of F{t) and those of red(t^/^F(t)). 

Lemma 2.17 Let N be an even integer. 

N/2 N/2 

If F{t) = ao + ^ai{f + t-'), then red{t^/^F{t)) = bo + ^bi{f + t-') 

1=1 i=l 

with 

bo = 2aN/2, bN/2 = ao/2 and bj = a^v/a-j (j = 1, 2, . . . , N/2 - 1). 
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Proof It is because 

□ 

This will be used in the proof of Lemma 14.91 see also Remark I4.7i 

3 Alexander polynomial of Am^n 

We compute the Alexander polynomial of the link Am,n- 

Definition 3.1 For a coprime positive pair {m,n), we define a set 3{m,n) by 

3{m,n) := {mZU nZ) n {k £ Z \ < k < mn} 

= {0, m, 2m, . . . , nm} U {0, n, 2n, . . . , mn}. 

Note that the cardinality of3{m,n) is m + n. We sort the all elements in 3(m,n) as 

= ko < ki < k2 < ■ ■ ■ < km+n-i = fnn {h G 3{m, n)). 

Here, ki is the smaller one in m and n. 

The goal of this section is: 

Theorem 3.2 The Alexander polynomial of Am,n is 

m+n—l 



^Amjt,x) 



1=0 



where t (and x, respectively) is represented by a meridian of Ki (that of K2). 
Example 3.3 In the case {m,n) = (3,5), we have 3(3,5) = {0,3,5,6,9,10,12,15} and 
ZiA3,5 (t, x) = t^^x'^ + t^^x*^ + t^^x^ + t^x^ + t'^x^ + t^x^ + t^x + 1. 

3.1 Alexander matrix of Am,n 

We start the proof of Theorem 13.21 with the following lemma: 
Lemma 3.4 The Alexander matrix of Am,n is 

Im+n-i - xM{m, n) 
and the Alexander polynomial of Am,n is obtained by 

^Am,n(t^x) = det {Im+n-i - xM{m,n)) , 
where M{m, n) is the (m + n — 1) x (m + n — l)-matrix of the form 

In-l 

M{m, n) : 



l,m— 1 

Om-1 
j.n J 



On-l 



'■m—1 "-^jn- l,n— 1 
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- — > 



Tn-i, im-1 are the following column vectors of size (n — 1) x 1 and (m — 1) x 1 respectively 



t 



- — y 

^m— 1 •" 



Os,s' (and Os, respectively) is the zero matrix of size s x s' (and of size 1 x s) and Ig is the 
identity matrix of size s x s. 



Example 3.5 
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M(3,5) = 



















1 


, /-xM(3,5) = 








t^x 


1 








— X 










-f' 






















r'x 





1 































-r'x 





r'x 








1 







.0 















0. 
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t^x 











1 . 



Proof of Lemma 13.41 We assumed that 2 < m < n (Section [T]). We take the generators 




of the fundamental group 7ri(5^\ylm,n) as in Figure [3l Then we have a presentation of the 
group: 



tl J ^2 ) • • • ) tm+n 
X 



Li . — tiXtfnt 



1 



Rj := tjXt-_^tmtm+n^ 



ti,t2, ■ ■ ■ , tm+n-1 
X 



frf f^^ T 



(i = l,2,...,n) 
(j = n + 1, n + 2, . . . , m + n) 
1 ^"--1,2, 



Li 
C 

Rj := tjxtj\x~^t:^^ {j = n + 1, . . . ,m + n - 1) ' 
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where we canceled tm+n = x~^tnXtm by the relation L„. Then Rm+n is changed to the relation 
C, and the others Rj are also changed. The non-zero free differentials of the relations Lj and 
Rj by are: 



din 
dti 



1, 



1, 



dtm 

dRj 
dtT 



-tiXt 



dLi 



dt 



rn+i 



dR^ 

dtr,. 



-tiXtmtyy^j^n 



-tjXtj_^X ^tj^^, 



(3.1) 



where 5im is Kronecker's delta. The non-zero free differentials of C by t* are 
dC . . . ._i dC_ 

dtn 



dtr. 



(3.2) 



We let 7 denote the Hurewicz epimorphism 7 : '/ri(5^\Am,n) ^^i('S'^\^m,n; ^) — {t,x\ —), 
defined as 7(ij) = f,'y{x) = x. We redefine L„ := C and Li := Ri ior n + 1 < i < m + n — 1. 
Then the well-known formula ( |Kaw|. Lemma 7.3.2 (p. 93)]) on the Alexander polynomial of 
links says 

det 7(1^) = il-x)AA^Jt,x), 

where j (columns) runs in 1 < j < m + n — 1. 

A submatrix from the first row to the (n — l)-th row of ['y{dLi/dtj)'j coincides with 
/ — xM{m,n) by the first half of (13. ip . In the n-th row of ['y{dLi/dtj)'j , non-zero entries are 
only 



7 



dC 

dtm. 



dC 

[1 — x)t^x at(?7,,m) and 7 ( ) = (1 — x) at(n,n), 



by ()3.2p . Thus the n-th row of ^'y{dLi/dtj)~^ coincides with (1 — x) times the n-th row 
of / — xM{m,n). We add 1/(1 — x) times the n-th row of ['y{dLi/dtj)'j to each j-th row of 
[7(9-Lj/9tj)] withj > n+1. The resulting j-th row coincides with the j-th row of /—xM(?n,, n) 
by the second half of (j3.ip . Therefore we have 



det 



(dLi 



(1 — x) • det(/ — xM{m, n)). 



□ 



Remark 3.6 The matrix M{m, n) can also be obtained by the Burau representation (see 
Birman [Bir| p. 121]) of the braid group. 



3.2 Properties of Df(m, n) 

We need some properties on elements ki of 3{m, n), see Definition 13. 11 They will be also used 
in Subsection 14. 2[ Subsection 15. 4[ 

Definition 3.7 We define uj {j = 0,1,2, ... ,n) and wj {j = 0,1,2, ... ,m) by 

kuj = jm and k^^ = jn. 
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It is easy to see: 
Proposition 3.8 

(1) ki + km+n-i-i = mn, (i = 0,\, . . . ,in + n - 1). 

(2) uq = wq = 0, Un = Wm = m + n — 1, and 
jm 



Un 



n 



+ j (j = l,2,...,n-l), 



Wi 



jn 
m 



+ j (j = l,2,...,m-l), 



where [ • ] is the gaussian symbol. 

(3) Both Uj,Wj are increasing sequences. 

(4) Uj + Un-j = Wj + Wm-j = m + n-l. 
(5) 



m—l 



m+n—1 n— 1 

i=0 i=l j=l 



Notation 3.9 For an integer N , we denote by [iV]„ the unique integer satisfying 

[N]n = N (mod n) and < [N]n <n-l. 
We let a (and its inverse a', respectively) denote the bijection 

a, a':{0,l,2,...,n-l}^{0,l,2,...,n-l} 

defined by a{i) := [im]n (and cr'{i) '■= [im\n), where m is regarded as an integral lift of 
m (modn). We also define 

,., a(i)m — i 
p{i):=^^ (i = l,2,...,n-l). 

By the definition of u{i), p{i) is an integer. 

Lemma 3.10 

(1) (7(0) = 0, a{rn) = 1 and a{n — m) = n — 1. 

(2) For i = 1,2, ... ,n — 1 and i ^ n — m, we have no-(j)_|_i — 'u^(j) = 1 or 2. Furthermore, 
■"o-(i)+i ~ '^cr{i) = if o.nd only ifn — m + l<i<n — 1. 

(3) a{m + i) = a{i) + 1, -Uo-H+i) = + 1. (i = 1, 2, . . . , n - m - 1). 

(4) u{n-m + i) = a{i) - I, u„(^n-m+i) = ""o-W - 2, (i = 1, 2, . . . , m - 1). 

(5) /9 : {1, 2, . . . , m — 1} ^ {1, 2, . . . , m — 1} is a bijection. 

(6) Wp(i) = - 1, (i = 1,2, ... ,m - 1). 
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Proof (1) It is easy to see. 

(2) Suppose that i = 1, 2, . . . , n— 1 and i / n—m. Since a is a bijection, (1) and Proposition l3.8l 

(3) , we have 1 < a{i) < n — 2 and no-(j)_|_i — u^i^i) = 1 or 2. We set j = cr(i). It holds that 
Uj+i — Uj = 2 if and only if there exists an integer j' such that jm < j'n < (j + l)m, which 
implies j'n — m < jm < j'n and 

n — m < [jm]n < n. 
Since [jm]„ = cr'{j) = a' o a{i) = i, we have n — m + 1 < i < n — 1. 

(3) Suppose that i = 1, 2, . . . , n — m — 1. We have 1 < cr{i) < n — 2 again. Since a{m + i) = 
(m + i)rn = a{i) + 1 (mod n), we have a{m + i) = a{i) + 1. By (2), we have Uo-(m+i) = 

'Ua{i) + l = UcT{i) + 1- 

(4) Suppose that i = 1,2, — 1. We have 2 < a{i) < n — 1. Since a{n — m + i) = (n — m + 
i)m = a{i) — l (modn), we have a{n—m+i) = a{i) — l. By (2) and n — m+1 < n — m+i < n — 1, 
we have u^(^n-m+i) = UcT{i) - 2. 

(5) Suppose that i = 1, 2, . . . , m— 1. Since a{i)m = [im].„m = i (modn), and < (T{i) < n—1, 
we have 

„ , a{i)m - i in - l)m 

< pit) = < ^ — < m, 

n n 

and hence the image of the map p is included in {0, 1, 2, . . . , m — 1}. By the definition, we 
have p{i)n = —i (modm), thus p is bijective. In fact, p{i) = [{m — i)n]m- 

(6) Suppose that i = 1, 2, . . . , m - 1. By (4), we have u^^^-m+i) = = u„(i) - 2. Then, 
as in the proof of (2), there exists an integer j such that wj = Uo-(j) — 1 such that 

{a{i) - l)m = A;„^(,)„i < = jn < ku^^.^ = a{i)m. 
Since a{i)m — i = (modn), we have jn = a{i)m — i and j = p{i). □ 
Definition 3.11 We define the monomial Cj oft,x by 

g. ^ ^<7{i)m-i^«,(,) ^ (i = 1, 2, . . . , n - 1). 

Lemma 3.12 

(1) em = X and e„_„ = t'^n-n ^m+n-2 _ 

(2) em+i = xei, (i = 1,2, . . . ,n - m - 1). 

(3) Sn-m+i = t~"-x~'^ei, {i = 1,2, . . . ,m - 1). 

(4) t<^»™~«x"-«-i =t''»"x"'''W, {i = l,2,...,m-l). 

Proof They are proved by the Lemma [3. 101 (1).(3).(4) and (6) respectively. □ 
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3.3 Proof of Theorem 13.21 (Alexander polynomial of Am,n) 
We regard 

m+n—l 

t''^x' = (3.3) 

1=0 

as an algebraic equation over t^^], and x as a root of the equation. 
Lemma 3.13 The algebraic equation 113. 3\) over Z[t,t^^] has no multiple root. 

Proof If we substitute t = 1 into the equation (j3.3p . then we have 

m+n— 1 



E ^^ = 0- 



j=0 



Since this equation has no multiple root, and its degree is equal to that of (|3.3p (= m + n — l) 
the equation (j3.3p has no multiple root. □ 



Let V he a row vector of size 1 x (m + n — 1), decomposed as 

v=[e f fir] , 

where / is a scalar and 

e = [ei 62 • • • e„_i] , g = [gi 52 • • • 5m-i] 

are row vectors of size 1 x (n — 1) and 1 x (m — 1), respectively. Then the matrix M{m, n) in 
Lemma 13.41 satisfies 



vM{m,n)= -e ■ r„_i - t"/ " ^"ff • Wi ^ . (3.4) 



Lemma 3.14 // we take = t'^C*)™ {i = 1,2, ...,n - 1) as in Definition \3.11l 

f = xen-m CLnd gi = t~"'x~^ei (i = 1, 2, . . . , m — 1), then we have 

V ■ M{m, n) = x~^v. 

Proof By Lemma 13.121 and the definition of Cj and gi, we can see immediately that the i-th 
entry of v ■ M{m, n) is equal to that of M{m, n) multiplied by except the case i = m. 
The m-th entry of (|3.4p is computed as 

n— 1 m—1 

-e-T^^-t^f -t^g-i:;^^ = -J^fei-ef-t^^gj 

i=i j=i 

n—l m—1 
i=l j=l 

= 1 
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by Definition 13. Ill Lemma [3.12[ bijectivities of o" and p, the equation (|3.3p and Proposition EH] 
(5). We have the lemma. □ 

Proof of Theorem 13.21 By Lemma 13.141 is an eigenvalue of the matrix M{m,n) where 
a; is a root of (j3.3p . Since the degree of the equation (j3.3p and the size of M{m, n) are identical 
(= m + n — 1), and the equation (13. 3p have no multiple root by Lemma 13.13^ we have 

rra+n— 1 

t^^x' = • det {x-^I^+n-i - M{m, n)) . 

By Lemma [331 we have the result. □ 

4 Reidemeister torsions of {Ajn^n, ^, 0) and key lemmas 

We compute the Reidemeister torsions of {Am,n',i",0). The goal is Lemma [43l 
4.1 The first homology of (Am,n',r,0) 

We calculate the first homology of M = (Am,n'i Oi / (3 , 0) . Let E denote the complement of 
Am,n- We regard M = ^ U Vi U 1^2, see Notation in Subsection O We set Mi := EUVi C M . 

From now on, we always assume that gcd(a,/3) = 1, /3 > 0, and 

gcd(m + n, a) = 1 

which is equivalent to the condition for the first homology Hi{M; Z) to be finite cyclic by the 
elementary divisor theory. Then the order is {m + nf'fi: Hi{M; Z) = 'L/{m + nj^fi'L. 

We determine the first homologies of E, Mi and M, define generators and study relations. 
First, Hi{E) is a free abelian group of rank 2 generated by [ttt-i] and [m2\: 

Hi{E) ^ ([mi],[m2] | -) ^ Z\ 

We have 

[/i] = [m2]'"+" and [^2] = [mi]"*+". (4.1) 

Next, we attach Vi to E to make Mi. We take integers 7, 6 such that a6 — f3j = —1, and fix 
the meridian-longitude system m'i,l'i of the solid torus Vi. In Hi{Mi), we have the relations 
(fCTl and 

Ki] = M"[^i]^ = 1 and [l[] = [mir'[li]'. 

Thus, we have 

Hi{Mi) ^ ([mi],[m2] I M"[m2]('"+")'^ = 1) 
^ (T I -) ^ Z, 
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where T = [mi\'^' [m2f' by taking integers 7', (5' satisfying a5' — p(3j' = — 1- By the relations 
above, we have 



(4.2) 



[mi] = [mi]-"'5'+{m+n)/37' 

= ([mi]°[m2]('"+")^)-'''([mi]^'[m2]^')('"+")'^ =r('"+")/^, 

[m2] = [m2]-"'^'+("'+")'^T' 

= ([mi]°[m2](™+")'')'^'([mi]T'[m2]^')-° = T"", 

Finally, we attach V2 to Mi to make M. By (fiJj) and (fOj) in Hi{M), we have 
[m^] = [/2] = [mi]™+" = r('"+")'^ = 1, [l'^] = [ma] = T"", 

and 

//i(M) ^ (T I r('"+")'^ = 1) ^ Z/(m + nf^Z. 

4.2 Reidemeister torsion of (A^^; r, 0) 
In this subsection, we compute the Reidemeister torsion of {Am,n', ^, 0). The goal is Lemmal^ 



First, by Surgery formula II (Lemma I2.5P and the results on the first homology in the last 
subsection, we have 

r(Mi) = /\^^_jT('"+")'',r-°)(r'^+"-l)-^ (4.3) 
By the Alexander polynomial in Theorem 13.21 and ()4.3p , 

(m+n—l \ 
rpki{m+n)l3-ia j ^rpm+n _ -j^-j-l 
1=0 J 
m+n—l m+n—l 

^ ^ ^rpki{m+n)l3—ia rj-^-ia-j ^ ^ rp—ia 

_ i=0 _|_ 2=0 



J^m+n ]^ ^m+n ]^ 

/ rT^ki{m+n)p 1 \ '-p—{m+n)a i 

Irj^^ia \^ 

/ J I J^m+n _ 1 I q^m+n _ i ^ ' ^ ' 



1=0 



Note that (T"^^ - 1)/(T'' - 1) is a polynomial 1 + + T^^ + • • • + t("-i)''. 

Next, let d > 2 be a divisor of {m+n)^ fi. It holds that gcd((i, a) = 1. By Surgery formula I 
(Lemma 12. 3|) and the results on the first homology, the Reidemeister-Turaev torsion of M is 

t^^{M) = tP^{Mi){Q-1)-\ (4.5) 

where pd '■= ipd ° 1- is the composite of a ring homomorphism l : Z[Hi{Mi)] — > Z[//i(M)] 
induced from the natural inclusion, and a ring homomorphism ipd ■ '^[Hi{M)] — ?> Q(Cd) such 
that Vd(r) = Cd- 
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We take d as a divisor of (m + n) and a ring homomorphism : Z[Hi{M)] — ?> Q{Cd) such 
that ip'ij^{T) = where aa = 1 (modm + n). Then d is still a divisor of {m + n)^/3, and C^^" 
is still a primitive d-th root of unity, since gcd(d, a) = 1. By (j4.4|) and (|4.5|) . we have 



m+n—l 



T^HM) = \m-^) E (Cd-i)"'. (4.6) 



i=0 



Definition 4.1 For a divisor d> 2 of (m + n), and the primitive d-th root (C = Qd) of unity, 
we define 



m+n—l 



i?(m,n) :=(C-1) 



i=0 



By ()4.6p . the Reidemeister-Turaev torsion of M is expressed as 

rV'd(M) = {/3i?(m, n) - a}(C - 1)"^ (4.7) 



Lemma 4.2 

('ij R{m,n) is a real number. 

m+n—l 

2 



^ m+n—l 

i?(m,n)=mn + - - fe,)(C + (-). 



i=l 
m—1 



(3) R{m, n) = m(n + 1) + ^ (m - sj) (O + C"'"^ ' 

where sj is defined by sj := [jn]m for an integer j, see Notation in Subsection \3.S\ 

m—l 

(4) R{m, n) = m{n + 1) + ^ (m - j) (^^' + ^"^') . 



2 



i?(m, n) = • ( ^ ) + mn 



where ^ = wii/i mm = 1 mod (m + n) 



e-1 



2 



+ mn, 



Proof (1) The complex conjugate R{m,n) of R{m,n) is 

m+n—l m+n—l 

^^^K^ = (r'-i) E fc.r' = (c-i) E -k^c'-' 



1=0 i=0 
m+n—l 

m+n—i—1 



(c-1) i^n-ki)c 

i=0 
m+n—l 

(C-1) Y Wn-.-ir+""'"' 
m+n—l 

(C-1) Yl ^iC = R{ 



j=0 
m+n—l 

i=0 
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by Proposition ES] (1) and the equality 1 + C + • • • + = 0. 

(2) First, we have 

m+n—1 m+n m+n—1 

R{m,n) = Yl UC^' - C) = Y h-iC - E 

1=0 i=l 1=0 

m+n— I 

= mn+ ^ {ki-i-ki)C- 

i=l 

By the proof of (1), we have 



R{m,n) = -<yR{m,n) + R{m,n)j 

^ m+n—1 

= mn + -Y, {h-i-h){C + C')- 

i=l 

Before the proof of (3), (4) and (5), we prove the following: 
Claim (Property on Sj) 

(a) The map from j to Sj(= [jn]m) is a bijection on {1, 2, . . . , m — 1} to itself. 

(b) It holds that Sj + Sm-j = m. 

(c) There exists a unique element h in {1, 2, . . . , m — 1} such that gcd{h, m) = 1 and = 1- 
It holds that Wh = —m (modm + n). 

(d) For the same h in (c) and each element a in {1, 2, . . . , m — 1}, we have 

Sah = a and Wah = awh (modm + n), 
where we regard Wah as Wj with j = [ah]m, precisely. 

Proof of Claim (a) The map is induced by the multiplication of n (i.e., j i-^ jn) over 
(Z/mZ)\{0}. It is a bijection, since gcd(m, n) = 1. 

(b) It is easy to see. 

(c) By (a), there exists a unique element h in {1,2, . . . ,m — 1} such that = 1. In fact, it 
holds that h = n (modm). We have gcd(/i, m) = 1. The second half is shown by —mwh = 
-m [h + [^]) = hn - m [^] = [hn\m = Sh = I (modm + n), see Proposition 13.81 (2). 

(d) Since Sah = o-hn = a (modm), we have Sah = cl, for a in {1,2, ...,m — 1}. Since 
mwah = mah + m [^] = - {ahn - m [^]) = -[ahn]m = -Sah = -a (modm + n). □ 

(3) We go back to the expression (2). We divide the set {1, 2, . . . , m + n — 1} of indices of ki, 
into M,R and L according to whether A;j_i and/or ki belongs to mZ fl J(m, n). 

{1, 2,...,m + n — 1} = MURL)L (a disjoint union) 
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Definition of the subset 



parameter j kt-i — ki 



M := {i\ki-i G rnL and ki G mZ} 



—m 



R := {i\ki^i € mZ and ki rnL] ki = jn 
L := {i\ki-i rnL and fcj G mZ} fcj-i = 




in 



) 



Note that the case both ki-i mL and ki mZ (in other words, the case that both ki_i and 
ki belong to nZ) never occur, since m < n (Section [TJ. 

For each i ^ R, there exists j with 1 < j < m such that /cj = jn, equivalently i = Wj. Then, 
by Proposition [3]8] (4), i' := Wm-j + ^ belongs to L and it holds that i' = {m + n—l — Wj) + l = 
m + n — i. The correspondence between i ^ R and i' ^ L above is one to one. It also holds 
that C' = C"-^"^^ = C™+""* = C"* and 



1 ki 



jn 



m 



- jn = - [jn\m = -Sj, 



m 




[{m - j)n\ 



m 



TTli — ^7n — j TlTh — ^ j 



by Claim (b). Thus 



[h-i - ki){C + CI + ih'-i - k,){C' + C') 

= -2.,-(0+C-"'^-), 



and 



Y^{k,_^-ki + m){C + C') + Y,iki-i-h + m)iC + Cl 




m—l 



= 2 J^(m-s,)(O +r"'0• 
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Thus, using 1 + C + C + ■ ■ ■ + C"'"*'""^ = 0, 

m+n— 1 

R{m,n) =mn+ - ^ (h-i - ki){C + C 



2 .=1 

m+n—l ^ m+n—1 

i 

mn 



i=l i=0 
^ m+n—1 

^ 1=1 

+ + i Yl {h-i-h + m){C + c') 



' ■ 2 

ieMURUL 
m—1 

m{n + 1) + ^ (m - Sj){C' + C 



(4) We take h{= n mod m) in Claim (c). By Claim (d), we have 



m— 1 



R{m,n) = m{n + 1) + ^(m - Sj)(0 + C""'') 

i=i 

m— 1 

mfn + 1) + ^ (m - + C"""'') 

a=l 
m— 1 

m(n + 1) + (m - a)(C-"" + C") 

a=l 
m—1 

m{n + 1) + 

a=l 



(n + l) + J](m-a)r + r'^), 



where we set ^ = C™'; which is also a d-th primitive root of unity. 
(5) Using elementary calculus 

™ ^ x"^ — mx — 1 X™ — 1 X™ — 1 



o=l 

we have 



(m-ax = + - -2 = X- TTf-"^ 7> 

_ X — 1 [X — 1)^ (x — 1)^ X — 1 



' tm _ -I 

i?(m,ra) = r^"~^^ " v \-l J 

The proof of Lemma 14.21 is completed. □ 

The result of this subsection is summarized as: 

Lemma 4.3 Let M = {Am^n] oi/ (3, 0), and d>2 a divisor of m + n. Then the Reidemeister- 
Turaev torsion of M related with tp'^(T) = is 

2 "1 



2 



(a-mn/3) (r-1)-', 
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where 4 = C™' (thus = C,) is a primitive d-th root of unity. 



4.3 Necessary conditions 

We study some necessary conditions for {Am,n'i 0) to be a lens space by the Reidemeister- 
Turaev torsions. 

Lemma 4.4 Suppose that [Am^n] ct / /3 , 0) is a lens space. Then there exists integers i and j 
such that gcd(«, m + n) = gcd(j, m + n) = 1 and 



equivalently, 



e-1 



1 



(e-i)(c^'-i)' 



(4.8) 
(4.9) 



where a' = a — mnj3, and ^ is a primitive d-th root of unity. 

The equahties (|4.8p . (14. 9p correspond to two expressions of r^'di^M) in Lemma 14.31 



Lemma 4.5 Let d > 2 be a divisor of m + n. Suppose that (Am,n; ct//3, 0) is a lens space. 
Then we have 



(1) \Nd {(3R{m,n) — a) | = 1, where is the d-norm, see SubsectionW. 

(2) a' = a- mnf3 > 0. 

Proof (1) We take the d-norm of the equahty (gS]). Since iVd(^™ - 1) 
N^i^-^ — 1) 7^ by Proposition 12.81 (1) and Lemma 12.91 we have the result. 

(2) Suppose that the integer a' = a — mnf3 < 0. Then we have 

2 



Ndie - 1) 



/3R{m, n) — a = /3 



1 



e-1 



a' > 1, 



hence {N^i {f3R{m,n) — a) | > 1. By (1), we have the result. □ 

Fixing the combinatorial Euler structure, we will regard (|4.9|) as a control equivalence of 
the value sequences of degree m + n, in the sense of Lemma [2.12l (1). Note that the first factor 
in the left-hand side is a real value. On the right-hand side, we have to control (i,j) to use 
Lemma 12.151 or Lemma 12.161 

Conditions on (z, j) and (e, /) We can take i and j satisfying 1 < i < j < (m + n — l)/2. 
If i + J is odd (then m + n is odd), then we replace j with m + n — j and denote it by j again. 
Then, as a condition of (i, j), we may assume 



l<i<j<m + n— 1, 2<i+j<m + n— 1 and i + j is even. 



(4.10) 



Prom now on, we regard the equality (14. 9p as a controll equivalence between the real value 
sequences 



i+j 



/3 



e-1 



«' (r-i)(c^-i) = r'"(r-i)^ 



(4.11) 
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where u = ±1, or ib^~2~ only if m + n is even, by Lemma 12.131 We define the integers 

e := and / := They satisfies < e < / < (m + n - l)/2. (4.12) 

Using (e, /), we can deform (I4.1ip as 

u {f3 (r + m - a' (e + r + 2 («'-/?)} { (^z + rO - + ^~")} 
= (c^^^ + - 2 + ^-"^) + (^"-1 + - 2 + ^-1) + 4. 

We define two symmetric Laurent polynomials 

F{t) = {/3 (t*" + t-'™) - a' (t + t-i) + 2 (a' - /?) } { (t^ + r^) - (t^ + t" 
G{t) = (t'^+^ + - 2 (t™ + t"™) + (f^-^ + - 2 + t-i) + 4 



(4.13) 



(4.14) 



then (|4.1ip means that two real value sequences (of degree m + n) induced by F(t) and G{t) 
are control equivalent, see Subsection 12.31 Note that F{1) = G{1) = 0. By Lemma 12. 16^ 
()4.13p lifts to a congruence of the symmetric Laurent polynomials. 

Lemma 4.6 (Necessary condition) Suppose that (Am^n, ct / /3 , 0) is a lens space. We set 
a' = a — mn(3. Then there exist integers e and f such that < e < / < (m + n — l)/2, and 
the following congruence holds: 

(a) If m + n is odd, we have F{t) = ±G{t) (modt"'+" - 1). 

(b) If m + n is even, we have F{t) = ±G{t) or F{t) = ±t'^G{t) (modt"+" - 1). 

If m + n is even, then span(G(t)) = 2(m + 1) < m + n, since the pair m, n is coprime, thus 
both are odd and m + 2 < n. Furthermore, the congruence also induces an identity 

(i) red(F(t)) = +G{t) or (ii) red(t'^F(t)) = +G{t), (4.15) 

as in the second half of Lemma [2. 161 We will regard it as an equation of (e, /) on the surgery 
coefficient q//3 for M = (^m,n; 0) to be a lens space: Suppose that M is a lens space, 
then there exists a solution (e, /) of the equation. We mainly use its contraposition: If the 
equation has no solution (e,/), then M is not a lens space. The case (b) looks troublesome. 
To prove that M is not a lens space, we have to show that neither (i) nor (ii) has a solution. 
Fortunately, we only have to show one of them. 

Remark 4.7 In either case m + n is odd or even, to prove that [Am^n] 0) is not a lens 
space, it is sufficient to show that red(F(t)) = ±G(t) has no solution (e,/), because we can 
prove the following. 

Lemma 4.8 In the case (h) m+n is even in Lemma \4.6^ if the equation (i) red{F{t)) = iG{t) 
in ^4-^5 ) has a solution, the other equation (ii) red{t^~F{t)) = +G{t) has a solution, and 
vice versa. 
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Proof We concentrate on the factor {(t-^ + t — (^'^ + i '^)} of F(t). We transform (e,/) 
to {e'J') by 

, m + n „ , „, m + n 

e = f and t = e, 

which satisfies the same condition < e' < /' < (m+n — 1) /2 with (|4.12p . For a solution (e, /) 
of the equation red(F(t)) = ±G(t), its transformation (e',/') is a solution ofred(t 2 ^(f)) = 
=FG(t), and vice versa. □ 

In Subsection 5.3, we will prove that (e, /) = (0, 1) with a' = is the only solution for the 
equation red(-F(t)) = ±G(f) in general cases (see Lemma 14.91 (1) below). Note that a' = 
implies a/(3 = mn, which is related to the lens space surgery in Theorem II. 2[ 

Using the expression of R{m, n) in Lemma 14.21 (4), we can prove the following. 

Lemma 4.9 

(1) The condition a/ (3 = mn (i.e. a' = Q) is equivalent to (e, /) = (0, 1) (i.e. i = j = 1). 

(2) In if {e, f) = (0, m) (i.e. i = j = nn), then there is no root for a/ 13. 

Proof (1) Suppose that a/ (3 = mn. Then we have T't''d{M) = (^ - 1)"^ by Lemma US and 
the equality (|4.9p becomes 

1 1 



(^-1)2 (e-i)(e^-i)- 

We have i = j = 1 by the Franz lemma (Lemma I2.10p . 

Conversely suppose that i = j = 1. Then the equality (14. 8p can be deformed into 

(3R{m, n) — a = 



-(m-l) ( 'i ~ ^ 



e-1 

ression of R{m, 

in the proof of Lemma 14.21 (5), we have 



where u = ±1 or ib,^ i . Using the expression of R{m, n) in Lemma 14.21 (4) and the calculus 



m—1 



m—1 

m + ^ (m - i) (C^' + r^') 



By taking the symmetric polynomial lift and Lemma 12.151 (Note that the span is 2{m — 1) < 
2([(m + n)/2] — 1)), the case u = ±^~2~ does not occur, by Lemma [2. 171 We have (3 = \ and 
a = mn. 

(2) Suppose that i = j = m. Then the equality (j4.8p is deformed into 

/3R{m, n) — a = u 

m,-\-7i 

where u = ±1 or ±^ 2 . By the same method with above, we have 

m—1 

/3m(n + 1) - a + ^ /3(m - j) (^■^' + ^"■^') = u. 
By Lemma |2 . 1 5 1 and Lemma 12.17^ we have 13 = 0. Hence there is no root for a/ 13. □ 
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Lemma 4.10 Suppose that a' > 0. 



(1) gcd(a',/3) = l. 

(2) If a' = /3, then the congruence F{t) = ±G(t) (mod — 1) has a unique solution 
(m,n) = (2,3). 

Proof (1) By the Euclidean algorithm, we have 

gcd(a', /?) = gcd(a — mnf3, f3) = gcd(a, /3) = 1. 
(2) Suppose a' = (3. Then, by (1), we have a' = /3 = 1 and the polynomials (|4.14|) are 
F{t) = _ - - l)(ti - 1), 

G{t) = t-™-l(t™-l)2(t-l)2. 

The congruence F{t) = ±G(t) (mod — 1) implies 

where C is a primitive (m + n)-th root of unity. Suppose gcd(m — l,m + n) > 2 or gcd(m + 
1, m + n) > 2. Then the left-hand side of the equation above is for some d. Hence we have 
gcd(m — 1, m + n) = 1 and gcd(m + 1, m + n) = 1. By the Franz lemma [Fz] (Lemma 12. lOp . 
we have 

{ib(m — 1), zb(m + 1), zbi, zbj (modm + n)} = {±1, ±1, ibm, ±m (modm + n)} 
as multiple sets. It has a unique solution {m,n) = (2,3) with {i,j) = (1,3). □ 

5 Proof of Theorem 11.41 (Lens space surgeries along ^m,n) 

The "if part" of Theorem 11.41 (1) follows from Theorem 11.21 thus our main purpose is to 
prove the "only if part". We study the condition on a//3 for the equations (j4.1ip or (|4.15p (i) 
has a solution (i,j) or (e,/), respectively. Our proof is divided into three cases: m = 2 
(Subsection lS.ip . n = m + 1 (Subsection [52]), and the general case where m > 3 and n > m + 2 
(Subsection 15. 3p . Note that the first two cases contains the exceptional case (^2,3; 7,0). In 
Subsection 15.41 and 15. 5( we prove Theorem 11.41 (2) by using the values of the Reidemeister 
torsions. We also use Kir by moves. 

To make expressions of symmetric Laurent polynomials short, we use the notation (t^) = 
t^ + t~^ for any integer x. We regard {t^) as {t~^) if x < 0, and {t^) = 2. For the termi- 
nologies "reduce, reduction (denoted by red(P(t)))" of symmetric Laurent polynomials, see 
Definition EH 
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5.1 The case m = 2 

In this case, n and m + n = n + 2 are odd. Let ^ denote any d-th root of unity, where d 
is a divisor of n + 2 with d > 2. We have R{2, n) = |C + + n^iT- = ^ ~\~ ^ ""^ + + 2 by 
Lemma l42] (5), thus the equation (|4.1ip . divided by ^"^(^ — 1)^ as a value sequence, becomes 

where a" = a' — 2(3 = a — 2{n + l)/3, r/ = ±1 and satisfies the condition (j4.10p in 

the last section. We regard ()5.ip as an equality between real value sequences, defined in 
Subsection 12.31 

(1) The case 2<i + j<n + l. Note that i + j is even, see M.lOh . 
By Lemma [2. 151 the equalities (jS.ip lift to a congruence and 

'+^-2 (nf n ,n {t' - - 1) 1 [t^ - 1)^ 

r— • {/3 (t + t-i) - a") ^ ^^'\^^ ' = Vt-' ■ \^3I)T- 

Note that (i^ — l)/(t — 1) is a polynomial for an integer x and that both hand sides are 
symmetric Laurent polynomials. The span of the left-hand side is i + j < 2([(m-|-n)/2] — 1) = 
2n. From /3 > 0, we have i = j = 1, p [t + 1'^) - a" = t'^it + 1)2, /3 = 1, a" = -2, and 
a = 2n. 

(2) The case i+j = n + l (=2/, see Kl2t\ in Subsection (43]) . 

Then e = (j — i)/2 is an integer satisfying 1 < e < ^^-g-^. The equation (|4.1ip is 

• {/3 (e + r') - «"} (e - - 1) = ■ ie - if- 

By Lemma [2.16| it lifts to 

n\ ( + 1 n + 1 \ „ / Ti — 1 n — 1 \ 

(/3 - a") [t— + t- — j + /3 (^f— + j 

-/? (r+i + + a" (t^ + t-^) - /3 (r-i + t-(^-i)) (5-2) 

= r?{(t2 + i-2)_2}, 

which is, using notations (t^) = + 

(/? - ol')(f^) + /3(t V) - /3(t^+i) + - /3(t-i) = r,((t2) - 2). 

Here we used = (t~2~) (mod t""*"^ — !)• Note that the span of the left-hand side is at 

most n-|- 1 = 2[(m-l-n)/2]. We have e = l,r/ = /3 = l and n = 3. Then ()5.2p is deformed into 

(^2 + ^-2) + (1 ^ + ^-1) _ 2 = (t2 + _ 2. 

Hence we have a" = —1 and a = 7. In this case, = (1,3). This corresponds to the case 
(^2,3; 7,0), and it is a lens space, see Subsection 15. 5[ 



28 



5.2 The case n = m + 1 

In this case, m + n = 2m + 1 is odd. Let ^ denote any d-th root of unity, where d is a divisor 
of 2m + 1 with d > 2. We use C = a-s in Lemma 14.31 then ^ = (^~'^. The Reidemeister 
torsion in Lemma is deformed to 



C-1 

'2 TX 2 



«j(r-i)' =c|/3c(^)'-aj(c-i) 



2 



We apply the same argument on this equality as in Subsection 14.31 and retake satisfying 
the condition (j4.10p . The equality of the real value sequence ()4.1ip is 



Divided by C~^(C~ 1)^) it induces similar equation to (|5.ip . We can apply the same argument 
as in Subsection 15.11 Instead of (15. ip . we study 

C 2 -{"(C + C (^31)2 = '?C ■ 1)2 ' (^-3) 

where /3' = /? — 2a'(= /3 — 2(a — mn(3)). Equation (j5.3p is obtained from (j5.ip by changing 
to C)) /3 to q' and a" to /3, respectively. Thus, using the correspondence, we can study their 
roots by the same argument. In the last subsection, (3 = was not allowed, but here a' = 
is allowed (Lemma I4.5p . 

(1) The case a' = {a/ (3 = m{m + 1) = mn). 

In this case, a/ (3 = m{m + 1) is a root by Lemma 14.91 (1). 

(2) The case a' >1. The argument is similar to the case m = 2 in Subsection 15. li 



(i) The case 2 < i + j < 2m — 2. 

There is no root for a',/3, by the argument with (1) in Subsection 15.11 since the corre- 
sponding root {a' , (3') = (1, —2) implies /3 = 0, which is not allowed. 



(ii) The case i + j = 2m. 

Then e = {j — i)/2 is an integer satisfying 1 < e < m. The argument is similar to that 
of (2) in Subsection 15.11 We have 

(a' - + - a'{t'+^) + ^'{t') - a'{t^-^) = ri{{t^) - 2) 

Here we used {t^'^^) = {t"^) (mod t^m+i _ Tlie span of the left-hand side is at most 
2m = 2[(m-|-n)/2]. Corresponding to that the equation ()5.ip has a root (/3, a) = (—1, 1), 
this equation has a root (a',/3') = (1, —1) only if m = 2, which implies {a, (3) = (7, 1). 
This corresponds to the case (^2,3; 7,0), and it is a lens space, see Subsection 15.51 
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5.3 The case m > 3 and n > m + 2 

Let P{t) be a symmetric Laurent polynomial in Definition 12. 141 of the form: 



P{t) = ao + J2 + = «o + "^^*')- 

i=l i=l 

We call Oo the constant term, ai{f) the i-th term, and the i-th coefficient. When P{t) is 
considered in Q[t,t-'^]/ {t^ - 1), P{t) (as above) is reducec? if = for all i > [N/2\. We 
denote the reduction of P{f) by red(P(t)). 

Assumption (of this subsection) Let (m, n) be a fixed pair of positive coprime integers with 
m > 3 and n > m + 2. We assume that P > l,a' = a — mnfi > 0, see Lemma |4.5[ We set 
F{t) and G(t) as: 

F(t) = {(5{t^)-a'{t')+2{a'-l3)}{{t^)-{n}, 
G{t) = (t'"+i)-2(t'") + (t'"-i)-2(ti)+4 

in ()4.14p in the last section. From now on, we fix = m + n. Note that G{t) is already 
reduced. Let 

red(F(t)) = ±G{t), (5.4) 

be an equation on (e, /). Existence of an integral solution is a necessary condition for 
{Am,n', o / /3 , 0) to be a lens space. We show that there exist no integral solution of (j5.4p 
with < e < / < (m + n — l)/2 under a' > 0, see Lemma 14.91 (1) for the case a' = 0. By 
Lemma 14.101 we assume that a' ^ (3. 

Using {t") ■ {t'') = {t''+^) + (t<^-^), we have 

F{t) = P{f^+f)+p{t"'-f)-a'{tf+^)-a'{tf-^) + 2{a' -p){tf) 

This consists of non-zero ten terms, but may not be reduced. On the other hand, G{t) has 
five terms and is already reduced. Thus our problem is "Which term in F{t) is reduced to 
a term in G{t)?" and "Which terms in F{t) are cancelled with other terms?" On the terms 
(t'^+f), (f^-f), and (t™-^), we have 

red((t-+^')) = IfSJ ^ - " ""^Z' , red((t— )) = (tl— I), 
[(t" ^) if X > (n - m)/2 

for X = e or / (thus < x < {m + n — l)/2). The term (t-^^^) is already reduced except only 
one case: 

Case F If (m + n) is odd and / = (m + n - l)/2, it holds that red((t^+^)) = (t^). 
In Case F, it holds that f — m = {n — m — \) /2 > 1/2, thus we have: 

Lemma 5.1 In Case F, it holds that f > m + 1. Furthermore, for an integer a > 1, 
f = m + a is equivalent to n = m + 2a + 1. 
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We will often take care of this exceptional case. The other five terms are already reduced. It 
is easy to see: 

Lemma 5.2 

(1) Neither (t™-"^^) nor {t^'^^) can be reduced to the constant term. 

(2) The term (t^'") ({t^~^^) with x = m) can be reduced to neither the constant term nor 
the 1-st term. 

The graph of the degrees of red((t™'"'"^)), red((t'^~^)), red((t'^+^)) and red((t'^~-'^)) are useful, 
see Figure m We are interested in only the points whose coordinates are integers. We set the 
rectangle formed by y = deg(red((t'^^^'))) and y = deg(red((t™'~^))) as R. The intersection 



y ]y 




2 2 

(a) n < 3m (b) n > 3m 



Figure 4: Graph of the degrees I 



points of R and the line y = k correspond to solve the equation red((t™'^^')) = {t^). The point 
Q is one of the intersections for k = m other than (0,m). The (j;, 2/)-coordinate of Q is as 
follows: 

If n < 3m, then Q{n — m,m), which corresponds to red((t'""'"^)) = (t™). 
If n > 3m, then Q{2m,m), which corresponds to red((t'""^)) = (t™). 
Here, note that n = 3m contradicts coprimeness of m and n. 

Lemma 5.3 (on the case red((t™'^^)) = (i™)) 

By xq, we denote the x-coordinate (= n — m or 2m) of Q. Then we have 

(A) XQ / m, 

(B) Xq = m + a only if n = 2m + a, for a = —2, —1, 1 or 2, 

(C) Xq = a only if n = m + a, for a = 2 or 3. 

Since G{t) has the non-zero constant term, by Lemma 15.21 (1). we have 

{e,/}n{O,l,m}/0. 

The proof is divided into the five cases: (1) e = 0, (2) e = 1 with m > 4, (3) e = m, (4) 
"e 7^ 0, 1 and / = m", and (5) e = 1 with m = 3. Note that / = is impossible and that the 
case / = 1 is included by the case e = 0, because of the assumption e < f. 



31 



Case 1 (e = 0) 

F{t) = /?(t™+^)+/3(t™--^) -a'(t^+i) -a'(t^-i)+2(a'-/3)(t^) 
-2/3(t"^) + 2a'(ti) -4(a'-/3). 

Since G{t) has a non-trivial (m+l)- and (m — l)-term, by Lemma [5 .31 we have (caring Case F) 

/ S {1, XQ + e, m, m + 1, m + 2} n {1, xq — e,m — 2,m — 1, m}, 

where e = — 1 if n < 3m (and e = +1 if n > 3m, respectively). Figure [5] helps to understand 
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(a) n < 3m (b) n > 3m 

Figure 5: Graph of the degrees II 



m + l 

m 

m — 1 



it. Thus we have four cases: (i) / = 1, (ii) f = m, (iii) / = m-|-2 (if n = 2m + 1 {xq = m + l)) 
or (iv) / = m — 2 (if n = 2m — 1 (xq = m — 1)) by Lemma 15.31 (B). 

In each case, Case F (i.e., red((t-^+-'^)) = (t-^)) does not occur because / < m in (i), (ii) 
and (iv), and because / 7^ (m + n — l)/2 in (iii), by Lemma ISTTl 



Subcase(l-i): (e, /) = (0,1). 

F{t) = f3{t"'+^) - 2/3(t'") + - a'{t^) + 2(2a' - ^){t'^) - 2{3a' - 2/3). 

Since a' 7^ 0, to cancel — a'(t^), we need m = 3 and a' = 13, which contradicts the assumption. 
(If we admit a' = 0, then (e, /) = (0, 1) is a solution, see Lemma 14.91 (1).) 

Subcase(l-ii): (e,/) = (0,m). 

F{t) = - a'(t'"+i) + 2(a' - 2(3){t^) - a' {t""-^) + 2a'{t^) - 2{2a' - 3/3). 

Since 2m > m + 1, the 2m-th term is not reduced. By Lemma 15.21 (2), and the ratio of the 
(m + l)-th and the (m — l)-th coefficients (= 1), we have red((t^™)) = (t™) and n — m = m. 
It contradicts coprimeness of m and n. 

Subcase(l-iii): (e, /) = (0, m + 2) with n = 2m + 1. It holds that red((t2"^+2)) = (f^-^). 

F{t) = -a'(t™+3) + 2(a'-/3)(t"+2) 

- 2/3(t'") + /3(r-^) + ^(t^) + 2a' {t^) - 4{a' - /3). 
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Since m > 3 (thus m + 2 < (m + n)/2) and a' 7^ /3, the (m + 2)-th term cannot be canceled. 
We have a contradiction. 

Subcase(l-iv): (e, /) = (0, m — 2) with n = 2m — 1. If m = 3, we go back to (1-i), thus we 
assume m > 4. It holds that Ted{{t'^'^'^)) = 

F{t) = I3{f^+^) -2l3{f^) -a'{f^-^) 

+2{a' - /3)(i'"-2) - a'(t^'"-3) + pif) + 2a' {t^) - 4(a' - /3). 

All terms are already reduced. By the signs of the (m + l)-th and the (m — l)-th coefficients, 
we have a contradiction. 

Case 2 (e = 1 with m > 4) 

F{t) = p{t"'+f)+^{t"'-f)-a'{tf+^)-a'{tf-^)+2{a'-^){tf) 
-/3(t'^+i) - /3(r-i) + - 2(a' - /3)(ti) + 2a'. 

Recall the assumption / > e = 1. Comparing F{t) and we have that at least one term 



m + 1 

m 

m — 1 



1 


2 

Figure 6: Graph of the degrees III 

in F{t) is equal to or reduced to the m-th term, and that the term a' {t^) is canceled with 
another term whose coefficient is negative. Here we used m > 4 (i.e., {t"^~^) 7^ (i^))- We have 
(caring Case F) 

/ G {m - 1, m, m + 1, xq} D {2, 3}, 

where xq is the value defined in Lemma 15.31 Figure [6] helps to understand it. Since / < 3, 
Case F does not occur by Lemma l5.ll Thus we have three cases: (i) m = 4 and / = 3, (ii) 
f = 2 (ifn = m + 2 (xq = 2)), (iii) / = 3(ifn = m + 3 {xq = 3)), see Lemma [5^ (C). 

Subcase(2-i): m = 4 and (e,/) = (1,3). 

F{t) = P{t^) - Pit') - a'{t^) + {2a' - 3/3)(t=^) - {2a' - 3P){t^) + 2a'. 

The term f3{t'^) has to be reduced: red((t'^)) = (t""'^) and 3 < n — 3 < 5. By coprimeness of 
m and n, we have n = 7. By the 5-th and the 4-th coefficients, we have a contradiction. 
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Subcase(2-ii): m > 4, / = 2 (if n = m + 2 (xq = 2)). It holds that red((t""+2)) = (t™). 

F{t) = -/3(t"+^) + - + - a'(t3) + (3a' - 2/3)(t2) - (3a' - 2p){t^) + 2a'. 

All terms are already reduced. Considering the ratio of the (m+l)-st and the m-th coefficients, 
we have a contradiction. 

Subcase(2-iii): m > 4, / = 3 (if n = m + 3 (xq = 3)). It holds that red((t"'+3)) = (t™). 

F{t) = -/3(t"+^) + /3(t™) - /3(t"-i) + /3(t™-3) - a'(t^) + 2(a' - ^){t^) - 2{a' - ^){t^) + 2a' 

All terms are already reduced. If m > 5, then we have a contradiction by the same method 
with the last case. If m, = 4, 

red(F(t)) = -p{t^) - (a' - /3)(t^) + (2a' - 3p){t^) - (2a' - 3(3){t^) + 2a'. 

Considering the ratio of the first two coefficients, —f3 : —(a' — /3) = 1 : —2, i.e., f3 = —a' < 0. 
We have a contradiction. 

In the rest of the proof, we will often use the following: 

Lemma 5.4 Even if red{{t°')) = {t^), the sum zb/3(t") ± a' {t^) of any signs never cancel by 
the reduction. 

This lemma is easily shown by the assumption a' > 0, /3 > and a' ^ /3. 
Case 3 (e = m) 

F{t) = P{t"'+f) + P{t'^-f)-a'{tf+^)-a'{tf-^)+2{a' -^){t^) 
- 2/3 + a'(r+^) + a'(t'"-^) - 2(a' - /3)(t"). 

Recall the assumption f > e = m. Comparing F{t) and G{t), at least one term in F{t) is 
equal to or reduced to the 1-st term. By Lemma [5.21 (2). we have two cases: (i) f = m + 1 (It 
can be in Case F) and (ii) red((t'""''-^)) = (t^). But in the latter case, / = n — 1 < (m + n)/2 
(see the graph in Figured]), thus n = m + 2 and / = m + 1. We only have to study the case 
(i)- 

Subcase(3-i): (e, /) = (m, m + 1). 

F{t) = /3(t2'"+i) -/3(t2'") -a'(r+2^ 

+(3a' - 2/3)(t'"+i) - (3a' - 2/3)(t") + a'(t""^) + I3{t'^) - 2/3. 

We focus on -a'(t™+2). Neither /3(t2™+i) - a'(t™+2) nor -/^(t^™) - a'(t™+2) cancel by the 
reduction by Lemma |5.4[ Thus, if m + 2 < (m + n)/2 (i.e., n > m + 4), the term — a'(t'""'"^) 
is left after the reduction, which is a contradiction. We have n = m + 2 or n = m + 3. 

First we assume n = m+2, then red(/3(t2™+i) -/3(t2™) _a'(t'"+2)) = ^ {t^) - ^ {t^) - a' {t"") . 
Considering the ratio of the (m + l)-th and the (m — l)-th coefficient, we need a' = (3. We 
have a contradiction. Next we assume n = m + 3, which implies m > 4. Then Ted{(3{t'^"^~^^) — 
(ilf"^) - a'(t'"+2)) = - /3{t^) - a'(t'^+i). (It is in Case F.) The second coefficient /3 / 0, 
we have a contradiction. 
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Case 4 (/ = m) It is not in Case F by Lemma |5. II 

F{t) = -(3{f^+^)-P{t'^-'') + a'{f+^) + a'{f-'^)-2{a' -p){f) 
+ 2/3 - a'(t"+^) - Q'(t'"-i) + 2{a' - /3)(t™). 

Recall the assumption e < f = m. Comparing F(t) and G{t), we have that at least one term 
in F{t) is equal to or reduced to the 1-st term. By Lemma [52] (2), (t^"^) is not reduced to 
the 1-st term. It does not hold that red((t'""'"'^)) = (t^), because it implies e = n — 1, which 
contradicts to e < / = m. Thus we need red((t'"~'^)) = {t^), i.e., e = m — 1. 

F{t) = /3(t2™) - /3(t2™-i) 

-a'(r+i) + (3a' - 2/3) (t'") - (3a' - 2/3) (t"^"!) + a'(t™-2) - ^{t'^) + 2/3. 

One of the first two terms has to cancel a'(t™'~^), but it is impossible, because neither /3(t^™)-|- 
a'(t™-2^ nor -/3(t2™-i) + a' {f^'^) cancel by Lemma [531 

Case 5 (e = 1 with m = 3) Note that G{t) = {t^) - 2{t^) + {t"^) - 2{t^) + 4. 

F{t) = /3(t3+/) + /3(t3-/)-a'(t^+i)-a'(t^-i) + 2(a'-/3)(tO 
-/3(t^) + (a' - /3)(t2) - 2(a' - p){t^) + 2a'. 

The proof is divided into four cases: (i) / = 2, (ii) / = 3, (iii) / = 4 or (iv) / > 5. 
Subcase(5-i): (e, /) = (1,2). 

F{t) = Pit") - /3(t^) - a'{t^) + 3(a' - - 3(a' - P){t^) + 2a'. 

The term /3(t^) has to be reduced: red((t^)) = and n — 2 > m > 3. Considering the 

ratio of the 1-st coefficient and the constant term, we have — 3(a' — /3) : 2a' = —2 : 4, i.e., 
2a' = 3/3. Considering the ratio of the 2-nd and the 1-st coefficients, we have a contradiction. 

Subcase(5-ii): (e,/) = (l,3). 

F{t) = /3(t6) - [a' + + 2(a' - /?)(*') - - 2(a' - (3){t^) + 2(«' + /?) 

The term /3(t^) has to be reduced: red((t^)) = {t^~^) and n — 3 > 2. Considering the ratio 
of the 1-st coefficient and the constant term, we have — 2(a' — /3) : 2(a' + /3) = —2 : 4, i.e., 
a' = 3/3. 

F{t) = /3 ■ {{f) - 4{t^) + 4(^3) - (t^) - 4{t^) + 8). 

In any cases red((t*^)) = (t^), (t^) or (t^), it does not hold that red(F(t)) = ±G{t). We have 
a contradiction. 

Subcase(5-iii): (e, /) = (1,4). 

F{t) = ^{f) - a'{t^) + (2a' - 3^){t^) - a'{t^) + (a' - ^){t^) - (2a' - 3/3)(ti) + 2a'. 

By Lemma 15.41 both terms /3(t^) and —a'{t^) have to be reduced. It is possible only if 
(m + n)/2 < 5, i.e., n < 7. Since n > m + 2 = 5, and n is coprime to m = 3, we have n = 5. 
Then red((t'^)) = {t^) and red((t^)) = (t^). Considering the ratio of the 4-th and the 2-nd 
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coefficients, we have (2a' — 3/3) = {a' — /3), i.e., a' = 2/3. In this case, we lose the 1-st term: 
red(/3(t^) - (2a' - 3/3) (t^)) = 0. We have a contradiction. 

Subcase(5-iv): e = 1 and / > 5. 

F{t) = P{t^+^)-a'{tf+^) + 2{a' -^){tf) 

-a'{t^~^) + p{t^-'^) - /3(t^) + (a' - /3)(t2) - 2(a' - ^){t^) + 2a'. 

The /-th term has to be cancehed. If it is cancehed by the (/ + 3)-th term, then the (/ + l)-th 
term is left after the reduction. If it is cancelled by the (/ + l)-th term, which is in Case F, 
we have a' = 2/3, n = 2/ - 2, and red((t^+3)) = {t^-^) with / - 2 > 3, thus 

red(F(t)) = /3 • (-2(t^-i) + {ff-^) + {tf~^) - {t^) + {t^) - 2{t') + 4). 

If / > 5, then the top degree is / — 1 > 4, we have a contradiction. Otherwise / = 5, we have 

red(F(t)) = /3 • {-3{t^) + {t^) + 2{t^) - 2{t^) + 4). 

The ratio of the coefficients is different from that of G{t). We have a contradiction. 

In any cases, we have a contradiction. The proof of Theorem 11.41 (1) is completed. □ 

5.4 Type of the lens space (^4^,™; "t^'^i 0) 

We verify the second term (= mn) of the lens space {Am,n', mn, 0) = L((m + n)^,mn) by the 
Reidemeister torsion. Here we are also interested in possibility of the transformation between 
the parameters (m,n) and (p, g). 

We use the notations 3{m, n) = {ki \ i = 0, 1, . . . , m + n — 1}, Uj {j = 0, 1, . . . , n) and 
Wj (j = 0, 1, . . . , m) defined in Section [3l 

Lemma 5.5 

(1) We set k[ = ki{m+n) — imn (i = 0, 1, . . . ,m+n — 1). Then we have k'- + k'^^^_^^^__^_- = mn 
and k'o = < k'^ < = mn. 

(2) 3{m, n) = {k[ | i = 0, 1, . . . , m + n - 1}. 

Proof (1) By the definition of k'- and Proposition 13.81 (1), we have 

K + ^m+n-i = ki{m + n) — imn + km+n-i-i{m + n) — (m + n— 1 — i)nin 
= {ki + km+n~i-i){'m + n) - {m + n - l)mn 
= mn{m + n) — (m + n — l)mn = mn. 

By Proposition 13.81 (2), every element ki € 3{m,n) is uniquely expressed of the form k^^ or 
kwy It is easy to see that A:q = and A;^^„„x — 

(i) The case i = uj (j = 1, 2, . . . , n — 1). Since ki = k^^ = jm by Proposition 13.81 (2) and 
gcd(m, n) = 1, we have 



k'i = jm{m + n) 



jm 
n 



jm 

+ j 1 mn = mn I 



n 



jm 
n 



> 0. 
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Since k[ + k'^j^^_^ = mn, we have {) <k[ < mn. 

(ii) The case i = wj (j = 1, 2, . . . , m — 1). Since ki = k^^ = jn by Proposition 13.81 (2) and 
gcd(m, n) = 1, we have 



K — jn{m + n) 



jn 



m 



+ j mn = mn 



jn 
m 



jn 



m 



> 0. 



Since k'^ + = mn, we have < A;^ < mn. Therefore we have the result. 

(2) (i) The case i = Uj (j = 1, 2, . . . , n — 1). By the proof of (1) (i), k'- is of the form k'^ = j'm 
for some j' € Z and j' = jm (modn) is uniquely determined. 

(ii) The case i = wj (j = 1, 2, . . . , m — 1). By the proof of (1) (ii), k'- is of the form k'- = j'n 
for some j' E Z and j' = jn (modm) is uniquely determined. 

From (i), (ii) and (1), the set {k'^ \ i = 0, 1, . . . , m + n — 1} consists of distinct m + n 
elements, and we have the result. □ 

Lemma 5.6 For a coprime positive pair {m,n), The Alexander polynomial Z\^^^(t,x) of 
^m,n satisfies that 

(rpmn 1 \(rpm+n i \ 

m+n rp-mn\ j_ V-^ ^J\^ 



Proof As we remarked in Section [H the first component Ki of Am,n is the (m, n)-torus knot 
Tm,n- By Theorem 13.21 and the Torres formula (Lemma l2.7p . we have 

^m+n -j^ ^jmn l)(t"^~'~™ 1) ^ 



m+n—1 m+n—1 



By Theorem 13. 2^ it holds that 

^rpm+n rp—mn-\^ j_ ^ ^ rj-\ki(m+n)—imn ^ ^ jifc^ 

i=0 i=0 

and hence we have Z\A,„.„(r™+", T"™") = Z1a„,„(T, 1) by Lemma ES] (2). □ 
Proof of {A 

Assuming that M = {Am,n', rnn, 0) is a lens space L{P, Q), it is clear that P = (m + n)^ by 
the first homology. By Lemma 15.61 and the formulae (14. 3p and (j4.4p . we have 

rpmn 1 

r(Mi) = jT™+",r-™")(r'"+" - i)-i 



(T™ - i)(r" - 1)' 

r^i^.^^^M) = (C(^+„p - l)-^(C(Vn)^ - 1)"'- 

Because of the ambiguity of the Reidemeister torsion, the parameters of the lens space is 
almost decided but the orientation (at the choice ±) is left undecided. 

M ^ L{{m + nf,±mn) 
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where n is taken modulo (m + n)^. 

Using the knowledge of existence of a lens space surgery (j4m,n; "zn, 0) = L{p'^,pq — 1) in 
Theorem II. 2^ we can determine the sign of ±mn as follows: Suppose that it is —mn. Then 
we have pq — 1 = —mn (modp^), and 

pq = 1 — mn = n{n — m) (modp^). 

Since gcd(pg,p^) = p = m + n is changed to gcd(n(n — m), (m + n)^) = m + n (we regard 
n as an integral lift), which contradicts that gcd(n, m + n) = 1 and gcd(n — m,m + n) = 
gcd(n — m, 2m) < 2m < m + n. □ 

5.5 Type of the lens space (^2,3; 7,0) 
Suppose that {m,n) = (2,3) and a/f3 = 7. Then we have 

ZiA2,3 x) = l + t'^x + t^x^ + t'^x^ + t^x^ 

by Theorem 13.21 and (|4.3p is computed as 

1 + + T + T"^ + . 1 



T(Mi) = z\^,3(r5,r-^)(r5-i)-i 



T - 1 ■ 
Hence we have 

rfe(M) = (C25-l)-^(Cl5-l)^' 

by (j4.4p . Assuming that (^2,3; 7, 0) is a lens space, only by our method of Reidemeister-Turaev 
torsion, we can say that the lens space is homeomorphic to L{25, 7) = L(25, —7). 

By Kirby calculus in Figure [7| and [51 we have (^2,3; 7,0) = L(25,7). For the moves in 
Figure [7l see [Yam3j . By setting e = 0, we have (^2,3; 6,0) = L(25,9). In the moves "fin 
Figure [8l we used the formula in Figure [9] on a — 2-framed unknot. In the second f move, the 
union of two (3- and — 4-framed) components are regarded x, and get unlinked by the positive 
full twist. 

6 Proof of Theorem 11.51 (Lens space surgeries along Bp g) 

In this section, we prove Theorem 11.51 on lens space surgeries along Bp^g. 

6.1 Alexander polynomial of Bp^g 
The goal of this subsection is: 

Lemma 6.1 The Alexander polynomial of the link Bp^g is 

tPixP - 1 



^B,At,x) = 



tlx - 1 



where t (and x, respectively) is represented by the meridian of the torus knot component Ki 
(that of the unknotted component K2). 
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Figure 7: (^2,3; 7,0) is L(25,7) I 



-2 -1 




-4 



Figure 8: (^2,3; 7,0) is L(25,7) II 



Proof We add the third component K3 to Bp^q = KiL) K2 such that H := K2 U is a Hopf 
hnk and -RTi is isotopic to a simple closed loop in the level torus under the identification of 
the complement of H and x (—1, 1). We set L := Bp^g U K3 and use the notations defined 
in Subsection 12.11 The complement El of L is homeomorphic to that Ej^ of the connected 
sum L = KiU K2 U K3 of two Hopf links (L is "-Bo,i U K3" in a sense), see Figure [lOl 

Our strategy of the proof is as follows: First we prove the Alexander polynomial of L by 
studying the transformation of the homologies from the easier L to L, and use the Torres 
formula (Lemma 12. 7p on the sublink Bp^q of L. 

We take a homeomorphism / : Ej^ — )• El that carries each regular neighborhood of Ki 
to that of Ki [i = 1,2,3). We will use a tilde for the notation of each component of L: We 
denote the meridian-longitude system of Ki by rhi,li, and its Alexander polynomial of L by 



39 



X -"2 y 



X -1 1 y + 1 



x + 1 2 y + 1 



Figure 9: Kir by move f 




-twist 




Figure 10: Link L (ex. {p,q) = (8,3)) and L 

A^(ti,t2,t3). In Hi{El) and Hi{E^), the longitudes are presented by meridians: 

[/i] = [m2]P["^3]^ [h] = [mil^M, [k] = [mi]5[m2], 
[h] = [rh3\, [^"2] = ["^3], [k] = ['rni][rh2]. 

We note that 



[/2]^ = [m2]P([mi]P[m3])^ = [rmr[l 



IJ- 



(6.1) 



(6.2) 



We take integers a,b satisfying aq — bp = 1. The isomorphism : Hi{E£) — )■ Hi{E]^) induced 
by / satisfies: 



/,([mi]) = [mi], /,([/i]) = [m^nhY = [mif'U, 

h{[m2\) = [m2nh]\ hm) = [m2n2Y, 



(6.3) 



Thus, setting ti := [mj] and ii := [fhi] {i = 1,2,3), by (j6.ip . (j6.2|) and (j6.3p . we have 



/*(ti)=ti, /*(t2)=tft^4, /*(i3) = «il (6.4) 



The Alexander polynomial of L is known. 

^L(ii,i2,t3) =i3-l- 
Substituting (16. 4p to this, we have the Alexander polynomial of L. 

AL{tut2M) = t\Hltl-l. 
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Hence, by Torres formula (Lemma 12 .yp . we have the Alexander polynomial of Bp g-. 

AL{t,x,l) . tPixP - 1 

□ 

6.2 Conditions from the first homology of {Bpg;r,0) 

We set M = {Bp^g; a/ 13,0). The arguments are parallel to Subsection 14.11 We let E denote 
the complement of -Bp,g, and regard M = U Vi U V2, see the notations in Subsection 12. li We 
set Ml = EUVi. 

We assume that gcd(p, a) = 1, which is equivalent to the condition for i7i(M;Z) to be 
finite cyclic. Then we have Hi{M;Z) ^ Z/p'^pZ. 

We determine the first homologies of E, Mi and M, and represent some elements by the 
generators. First, Hi{E) is a free abelian group of rank 2 generated by [mi] and [m2]: 

Hi{E) ^ ([mi],[m2] ] 

We have 

[h] = [m2f and [h] = [mif. (6.5) 

We attach V\ to E to make M\. We take integers 7, 6 such that a5 — /37 = — 1, and fix the 
meridian- longitude system m'i,Z'i of the solid torus Vi. In i/i(Mi), 

K] = [^iTihY = 1, = [mirih]' 

and (16. Sp also hold. Thus, we have 

HiiMi) ^ ([mi],[m2] 1 [mi]°[m2]P^ = l) 
^ (T 1 -) ^ Z, 

where T = [mi]'''' [m2]^' by taking integers 7', 5' satisfying ad' — pf^'j' = —1. By the relations 
above, we have 

[mi] = [mi]-"^'+P^^' 

[m2] = [m2]-°'^'-^P'^^' 

= ([mi]°[m2]P^)i''([mi]T'[m2]'^')"" = T"", 

= [mi]'^[m2]P'' = TP^^-P^^ = TP. 
Next, we attach V2 to Mi to make M. By ([^3]) and ([UIB]) in Hi{M), we have 
[m^] = [/2] = [mi]P = T?''^ = 1, [Q = [m2] = r-°, 

and 

2/ 



(6.6) 



i?i(M) ^ {T \TP " = 1) ^ Z/p^/3Z. 
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6.3 Proof of Theorem 11.51 



By Surgery formula II (Lemma I2.5p (21. Lemma |6. II and (j6.6p . we have 

rnp{-a+pqP) _ 1 

r(MO = As^^^{T^^T-){T- - 1)-^ = _ _ (6-7) 

Let i : Z[i7i(Mi)] — )• Z[i?i(M)] be a ring homomorphism induced from the natural inclusion, 
'i/'d : Z[i?i(M)] — )• Q(Cd) a I'iiig homomorphism such that ipdiT) = Cdi ^-^id set := ipd o t, 
where d is a divisor of p. Note that gcd{d, a) = 1. Then by Surgery formula I (Lemma 12. 3p . 
()6.6p and ()6.7p . we have 

r^<^(M) = r''''(Mi)(C - l)"' = (a -m/3)(C " l)"'- 

Suppose that M is a lens space. Then its Reidemeister torsion is equal to that of a lens 
space (Example 12. 6p . i.e. there exist integers i and j such that gcd(p, i) = gcd{p,j) = 1 and 

(« - 1)-' = iO - i)-\Ci - 1)-^ 

By taking d-norm (see Subsection 12. 2p of both hand-sides, we have a necessary condition 

\a — pql3\ = 1 

by Lemma 12.91 

Conversely, suppose \a — pqfi\ = 1 and set e = a — pq(3{= ±1). We can prove that 
{Bp^q;a/(3,0) is homeomorphic to the lens space by Kirby-Rolfsen moves |Ro] as follows 
(cf. jMosj ■ see also |IS1 Proposition 4.1]): M is the result of (a//3, 0, cx))-surgery along L = 
Bp^g U K3. It is homeomorphic to that of (e//3, — p/a, — a/p)-surgery (aq — bp = 1) along L 
because of the identification between and in (j6.3p . and that of {—p/a, —{a + £pP)/p)- 
surgery along the Hopf link by (— e/3)-twist on Ki. Therefore we have M = L{p'^/3, a). □ 

6.4 Other surgeries along Bp^g 

The link Bp^g is included in a family of Burde-Murasugi's links [BMj . whose complements 
admit structures of Seifert fiber spaces. The complement of Bp^g is homeomorphic to that of 
the (3, 3)-torus link (and to that of the link in Figure 10 also). Thus we can determine all 
Dehn surgeries along Bp^g by a result of the first author and M. Shimozawa |KS| on Dehn 
surgeries along torus links. 

Let {Bp^g-, ai / Pi, 02/ P2) be the result of (ai//3i, a2//52)-surgery along Bp^g where Ui and 
Pi {i = 1,2) are coprime integers with Pi > 1. 

Theorem 6.2 We set ei = ai — Pipq, £2 = oi2q — P2P, P = 0102 — PiP2p'^ , and a and b as 
coprime integers such that aq — bp = 1. Then the result of surgery M = {Bp^g, ai/ Pi,a2/ P2) 
with p > 2 is as follows: 

(1) If £±£2 7^ 0, then M is a Seifert fiber space over S'^ with at most three singular fibers 
whose multiplicities are \£i\, \£2\ and p. 
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(2) Suppose e\e2 7^ 0. Then M is a lens space if and only if \ei\ = 1 or \e2\ = 1. The 
resulting lens spaces are 

L(P, -/32ei - Aeag) = HP, -ai/^s - a2/3ig' + 2/3i/32P9) 

in both cases. 

(3) (i) If £1 = (i.e. OL\l fi\ =p<l), then M is a connected sum of lens spaces 

L{e2, a2b - /32a)tJL(p, -q). 
(a) If £2 = (i.e. 02/^2 = p/q), then M is a connected sum of lens spaces 

L{ei,-Pl)^L{p,-q). 

Here we regard L(ibl,(5) (= S^) and L{0,Q)(= x S'^) for any Q as lens spaces. 

Proof Let Lp^q be the link L in the proof of Lemma 6.1. Then Li^i is the (3, 3)-torus hnk. We 
set Li^i = L = Ki U K2 U K^. Let rhi and li be a meridian and a longitude of i^j (i = 1, 2, 3), 
respectively. 

Let h : El — )• be a homeomorphism inducing an isomorphism h.^ : Hi{El) — > Hi[E£) 
such that 

K{[mi\) = [mi], K{[h]) = [mi]-P'i+%], 

K{[m2]) = [m2]'i-%]-\ h^iU) = [rh2]-P+%f, 
K{[m^]) = [m:ifM-P+\ h,{M) = [7113]-%]"-'. 

By the relations, we have 

Ki[m2r^[l2f^) = [m2]"2('?-^)-&{p-«)[/2]-"2''+/^2a^ 

and hence M is the result of ({ai— /3i(pg— {a2{q — b)—f32{p—a)}/{—a2b+f32(i),a/ {—p+ 
a))-surgery along the (3, 3)-torus link. By \KS\ Theorem 3.3 (3)], if Si£2 7^ 0, then M is a 
Seifert fiber space over S'^ with at most three singular fibers whose indices are 



£1 £2 p / \ El £2 P 

see Figure [m Other cases are obtained from it. □ 

Remark 6.3 The convention on lens spaces in [KS] is different from that in the present 
paper. Theorem 1.5 corresponds to the case 02 = and /32 = 1 in Theorem 16.21 (2), and we 
can deduce Theorem 1.5 (2) from Theorem 16.21 (2) after some deformations. 



7 Lens space surgeries along Am^n other than (r, 0)-surgery 

Contrasted to the case of Bp^g in Subsection 16.41 to determine all Dehn surgeries along Am,n 
is a hard problem. Related to Conjecture II. 11} in Subsection 17.11 and Subsection 17.2^ we 
compute the Reidemeister torsions of M under the case (1) ai//3i = mn and (2) ai//3i = 7 
for {m,n) = (2,3), respectively. 
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£2 

-a2b + 



a 



Figure 11: Seifert fiber space (Sp^^; ai//3i, a2//32) 



7.1 The case (Am„;mn, r) 

For Am,n = Ki U K2, we compute the Reidemeister torsions of M = {Am,n',iTT'n,r). We set 
r = a//3, where a and /3 are coprime integers with /3 > 1, and P = (m + n)'^/3 — mna. Let 
(i(> 2) be a divisor of P. 

We use the notations E, Mi and M defined in Subsection 12.11 By the similar way to 
Subsection 14.11 we have two lemmas. 

Lemma 7.1 We take integers u and v as (m + n)u — mnv = 1, and set T = [mi]"[m2]^ in 
Hi{Mi). Then 

(1) T is a generator of Hi {Mi ) . 

(2) It holds that [mi] = r™+" and [ma] = T" 



mn 



Lemma 7.2 Let T be the generator of Hi[M) which is induced by that of Hi[Mi) in 
Lemma 1.1. Let ipci '■ '^[Hi{M)] — > Q(Cd) be a ring homomorphism such that ipdiT) = Cd- 



Then the core 0/ V2 (i.e., [I2]) is mapped to (^^™"'"") ^ '""'^ 5y ip^^ where 7 and 6 are integers 
such that a5 — P'y = —1. 

Lemma 7.3 The integer (m + n)'^5 — mwy is coprime to P. 
Proof We have 



a f3\ f —mn \ f {m + n)-^/? — mna\ 
7 5 J \{rn + n)^y y (m + n)^(5 — mn^ J 



(7.1) 



Since a5 — (3^ = — 1, the matrix is invertible over Z, thus we have 

gcd((m + nf'li — mna., {m + n)'^5 — mnj) = gcd((m + n)'^,mn) = 1. 

□ 

Theorem 7.4 

/-mn -1 

r'^d (M) = ^ - 

Proof We use the surgery formula II (Lemma 12. 5p . By Lemma 17.21 and Lemma 17.31 
^(jn+n) (5 m,n7 ^ primitive d-th root of unity. By the Alexander polynomial of Am,n in 
Theorem 13.21 Lemma |7.H Lemma 17.21 and Lemma 15.61 '^^ have the result. □ 
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By the Franz lemma (Lemma I2.1U|) , t^'^ (M) is same with the Reidemeister torsion of a 
lens space if and only if 

m = ±1, n = ±1 or (m + n)'^ 6 — mn^ = ±mn (modP). 



Lemma 7.5 

(i) If (3 = 1, then M has the same Reidemeister torsions with a lens space L(P, ztmn) where 
nn = 1 (mod P) . 

(ii) (m + n)'^S — mwy = ±mn (mod P) is equivalent to /3 = ±1 (mod P). 

(Hi) Suppose that a < 0, and M has the same Reidemeister torsions with a lens space. Then 
we have (3 = 1. 

Proof (i) If /3 = 1, then we can take 7 = 1, = 0, thus (m + n)^(5 — mwy = ±mn (mod P). 

(ii) Suppose that (m + n)'^5 — mwy = ±mn (modP). Then by ()7.ip . it holds that 

/ _mn \ = f^]( ^ ] = (^I^^A (modP) 

y(m + n)^y ^7 —a J \±mn J \^amnj ' 

hence ^ = ±1 (mod P). Conversely suppose that /3 = ±1 (mod P). Then we can take 
7 = ±1,5 = (modP), thus (m + n)^5 — mnj = ±mn (modP). 

(iii) P = (m + n)^/3 — mna = (m + n)^/3 + mn|a|. By the assumption 2 < m < n, it holds 
that m ^ ±1 and n ^ ±1 (modP). Since < (3 < P — mn\a\, we have /3 = 1. □ 

Extending the Kirby calculus in |Yam3j . one can prove the following: 

Lemma 7.6 (An extension of [Yam3) ) The surgered manifold {Am^n','mn-,a/ /3) is a Seifert 
fiber space over S'^ with at most three singular fibers whose indices are 

f ^ n m a\ 
\ ^ (3 J ^ 

see Figure [7^ 





— V ^1 y— 

n —2 m 



Figure 12: Seifert manifold {Am,y,mn,a/I3) 



As a corollary, we can prove some lens space surgeries. 

Corollary 7.7 The surgered manifold (Am^n'jfnn, a/ (3) is a lens space if and only if (3 = 1 
(thus P = {m + n)^ — amn) and the lens space is L{P,mn), where nn = 1 (modP). 
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Proof (Using Lemma l7.6p We apply \KS\ Lemma 2.2] to the description in Figure [T^ in the 
case /3 = 1. Then the manifold is L{P,Q) with 

P = (m + n)^ — amn, Q = mx + {m{a — 2) — n}y, 

where x, y are coprime integers satisfying nx + my = 1, and it holds that 

nQ = mnx + {mn{a — 2) — n'^}y 

= mnx + {{m + n)'^ — 2mn — n'^}y (mod P) 
= mnx + rn^y 
= m{nx + my) 
= m. 

□ 

7.2 The case (ylg.a; 7, r) 

We set {m,n) = (2,3), r = a/f3, where a and /3 are coprime integers with f3 > 1 and 
P = 25/3 — 7a. Let (i(> 2) be a divisor of P. We compute the Reidemeister torsions of 
M = (A2,3;7,r). 

Theorem 7.8 Let tpd : Z[i7i(M)] — > Q(Cd) be a ring homomorphism which maps a generator 
of Hi{M) to Then we have 

r^^(M) = (Cd-l)-HCl''"'''-l)-' 

where integers 7 and 6 satisfy a6 — 13 j = — 1. 

In particular, M has the same Reidemeister torsions with a lens space L(P, ±(77 — 255)). 

We can verify the lens space surgeries. 

Lemma 7.9 The surgered manifold (^2,3; 7, a//3) is a lens space L(25/3 — 7a, 2a — 7/3). 
Proof We modify the Kirby calculus in Figure [7] and Figure [8] as in Figure [T3j □ 




Figure 13: Lens space (^2,3; 7, a//3) 



8 Final remarks 

In this section, we give some remarks concerning our results. 
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8.1 Alternative proof for Theorem 11.41 (1) 

At the beginning of our study, the authors did not know whether {Am,n', 0, 0) is proved to be 
non-Seifert, and our method by Reidemeister-Turaev torsion works without the knowledge. 
In fact, we are interested in the condition on the Alexander polynomial for a link to admit a 
lens space surgery. 

In the preparation of this paper, K. Motegi informed us that {Am,n]^,0) is proved to be 
non-Seifert. We give an alternative rough proof of Theorem 11.41 (1) by assuming (^m,n;0,O) 
is non-Seifert and by using the Cyclic Surgery Theorem |CGLS) . 

Proof of Theorem [l3] (1) (Using the results in [DMM^ and [CGLSj ) We set M = 

(Am,ni ^1 0) (r € Q). By the Cyclic Surgery Theorem [CGLSj . only r = mn — 1 or mn + 1 can 
be a solution of Problem 11.11 other than r = mn. 

Case 1 r = mn — 1 

This case does not occur by Lemma 14.51 (2). 

Case 2 r = mn + 1 
By Lemma |4.3| we have 

T^d{M) = - 1)(C+^ - 1)(^ - l)-2(^"^ - l)-2 

where ^ is a primitive d-th root of unity {d\m + n and d > 2). If M = {Ara^n', 'mn + 1,0) is 
a lens space, there exists integers i and j such that gcd(i,m + n) = gcd{j,m + n) = 1, as in 
dMD: 

ir-' - i)(r+' - - m' - 1) = - i)'(r - 1)'. 

By the similar way to the proof of Lemma 14.101 using Franz lemma [Fzj (Lemma I2.10p , we 
have 

{ib(m — 1), zb(m + 1), ±1, ±j (modm + n)} = {±1, ±1, ibm, ±m (modm -|- n)} 

as multiple sets. It has a unique solution {m,n) = (2,3) with (i,j) = (1,3). Thus we have 
r = 7. □ 

8.2 Algebraic generalization 

Our main theorems can be extended to the cases of 2-component links in homology 3-spheres 
with the same Alexander polynomials as Am,n and Bp^g. 

Theorem 8.1 Let Lm,n be a 2-component link in a homology 3-sphere with the same Alexan- 
der polynomial as Am,n (Theorem \3.S\) . If {Lm,n',r,0) is a lens space, then we have r = mn, 
or r = 7 for [m,n) = (2,3). Moreover we have {Lmy,'rnn,(S) = L{{m + n)^,ibmn) or 
{L2,3; 7, 0) = L(25, 7) respectively, where nn = 1 (mod (m + n)^). 

Theorem 8.2 Let L'^ ^ be a 2-component link in a homology 3-sphere with the same Alexan- 
der polynomial as Bp g (Lemma \6.1\) . If {Lp^g;a/ f3,0) is a lens space, then we have \a—pq/3\ = 
1. Furthermore, in this case, we have {L'p g] a/ (3, 0) ^ L{p'^f3, ±a). 

We remark that the converses of the theorems above do not always hold in general. 

Acknowledgement. The authors would like to thank to Professor Kimihiko Motegi and 
Professor Takayuki Morifuji for thier useful advices. 
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